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1 Introduction

The construction of supergravity solutions with a reduced number of supersymmetries has
been one of the main research directions in the continuous effort to make the gauge/gravity
correspondence [1, 2] closer to more realistic theories of Nature.



An approach that has been very fruitful in recent years is the analysis of supergravity
solutions that correspond to branes wrapping supersymmetric cycles inside a non-compact
manifold of special holonomy [3]. These solutions have various background fluxes turned on
and provide us with gravity duals of supersymmetric Yang-Mills (SYM) theories living on
the unwrapped part of the brane. As notable examples of these backgrounds, let us mention
the one obtained in [4], and interpreted in [5] as the gravity dual of N' =1 SYM theory
in four dimensions. This background corresponds to fivebranes wrapping a two-cycle.
Similarly, in refs. [6, 7] the supergravity dual of N'=2 SYM in d = 4 was found, also from
fivebranes wrapping a two-cycle. Moreover, by wrapping a fivebrane in a three-cycle we
can generate the supergravity dual of SYM in three space-time dimensions with different
amounts of supersymmetry. This program was carried out in refs. [8-10] for N/ =1 3d SYM
theory, whereas the background dual to N'=2 SYM in d = 3 was found in refs. [11, 12].

In this paper we will continue with this line of research by considering D5-branes wrap-
ping four-cycles and preserving different amounts of supersymmetry, whose corresponding
dual field theories are two-dimensional. We will consider first the case in which the branes
wrap a four-cycle of a Calabi-Yau threefold and four supersymmetries are preserved. The
supersymmetry of the corresponding two-dimensional dual field theory is N = (2,2). We
will then analyze the configuration in which the special holonomy manifold has G5 holon-
omy and the number of supersymmetries preserved is two, which leads to NV = (1,1)
supersymmetry in the dual field theory. We will argue that these backgrounds are the
gravitational duals of a slice of the Coulomb branch of the corresponding gauge theories.
Moreover, we will also analyze the addition of unquenched flavor to both setups.

When dealing with backgrounds generated by wrapped branes a useful tool is the use of
an appropriate lower-dimensional gauged supergravity [3], in which the brane worldvolume
is a domain wall object of codimension one in the lower dimensional space-time. Thus, to
obtain fivebrane solutions the appropriate gauged supergravity must be seven-dimensional.
Moreover, in order to find supersymmetric solutions of wrapped branes in this approach
one has to identify the spin connection along the wrapped cycle with some particular gauge
fields of the gauged supergravity. This is an implementation of the so-called “topological
twist”, needed to realize supersymmetry in the D-brane worldvolume [13]. In this paper
we will use SO(4) gauged supergravity [14, 15], which turns out to be the one needed to
accommodate the twistings required for our solutions.

Once the metric and gauge fields in seven dimensions are known, one can obtain the
metric and RR three-form of the ten-dimensional background by using the corresponding
uplifting formulae [16]. In general, the results obtained by this procedure for our systems
are rather complicated and the corresponding expressions for the metric and three-form
that we will get involve coordinates that are non-trivially fibered. However, there is a
change of variables, generalizing the one in [17] for the gravity dual of N' =2, d = 4 SYM,
which makes the results more transparent and neat. In this new system of coordinates
the directions parallel and transverse to the special holonomy manifold are clearly distin-
guished. The price that one has to pay for this extra clarity is that all functions of the
ansatz depend on two non-compact variables. Despite this fact, we will formulate our setup
in terms of the ten-dimensional variables and we will impose the preservation of supersym-



metry directly in ten-dimensions. This condition will lead us to a system of first-order BPS
equations in partial derivatives for the functions entering our ansatz. After performing the
corresponding uplifting and change of variables, the gauged supergravity approach provides
a particular non-trivial analytic solution for this system of BPS equations. Other analytic
solutions of the BPS system, not derived from gauged supergravity, will also be obtained.

The addition of matter degrees of freedom in the fundamental representation of the
gauge group is another generalization of the gauge/gravity correspondence of obvious in-
terest. The (by now) standard method to add this new matter sector in the correspondence
consists of the inclusion of flavor branes, which should extend along all the gauge theory
directions and wrap a non-compact cycle in the special holonomy manifold in order to make
its worldvolume symmetry a global symmetry from the gauge theory point of view [18]. If
the number of flavors, Ny, is small compared with the number of colors V., the flavor branes
can be treated as probes in the background created by the color branes. On the contrary,
when the number of flavors is of the order of the number of colors (N ~ N.) one necessar-
ily has to include the backreaction of the flavor branes on the geometry. In this case the
flavor branes should be considered as dynamical sources of the different supergravity fields.

In this paper we will try to add flavor to the two types of wrapped fivebrane back-
grounds studied. We will include the backreaction following the approach of ref. [19],
in which the localized brane sources are substituted by a continuous distribution (see
also [20]). This approach has been successfully applied in several brane setups ([21]-[36]).
Here, we will be able to find a satisfactory implementation of this flavoring procedure for
our background with four supersymmetries. However, in the case of the background dual
to N = (1, 1) supersymmetric field theory we will face new difficulties to determine the ap-
propriate deformation introduced by the flavor branes. Nevertheless, we will be able to find
the general structure of this deformation and we will find the corresponding backreacted
background in terms of an unknown function satisfying a set of conditions.

The rest of this paper is organized as follows. In section 2 we will present our brane
setup for the case in which four supersymmetries are preserved and we will specify our
ansatz for the ten-dimensional metric and RR three-form. We will obtain a system of
BPS differential equations and we will study the solution obtained from seven-dimensional
gauged supergravity. The steps followed to find this solution will be detailed in appendix A.
We will end section 2 by presenting the flavored version of the dual to the N' = (2, 2) theory.
In section 3 we analyze the background preserving two supersymmetries. After an initial
motivation, we will formulate our ansatz and we will find the corresponding system of BPS
equations. Again, gauged supergravity provides a non-trivial solution of these equations,
which will be explored from the ten-dimensional point of view in section 3, leaving the
details of the gauged supergravity analysis to appendix A. We will finish section 3 by
presenting our approach to add flavor to the A/ = (1,1) gravity dual. Section 4 contains
our conclusions and summarizes our main results.

The paper ends with three appendices containing technical details which can be skipped
in a first reading. In appendix A the gauged supergravity approach is presented, while in
appendix B we study additional solutions of the ten-dimensional unflavored BPS systems.
Finally, in appendix C we check that the second order equations of motion for the gravity



plus brane sources systems are satisfied by any solution of the first-order BPS equations.

2 The dual of the N = (2, 2) theory

The first case we will study corresponds to a background of type IIB supergravity generated
by a stack of N, D5-branes wrapping a four-cycle C4 of a Calabi-Yau (CY) cone of complex
dimension three. To simplify matters we will restrict to the case in which Cy4 is the product
Co x Cy of two two-cycles Co. The corresponding brane array is:

CY3

R 52 52 | Ny | R?
N.Ds|[-[-]OJoloJol ]| 1

where the S?’s represent the directions of the two-cycles Co and Ny are the directions

of the normal bundle to C4. Notice that the symbols “—” and “” represent unwrapped
worldvolume directions and directions transverse to the brane respectively, whereas a circle
denotes a wrapped worldvolume direction.

In order to write a concrete ansatz for the metric of this array, let us parametrize the
two two-cycles by two angles (6;, ¢;), with 0 < 0; <7 and 0 < ¢; < 27 (i = 1,2), and let o
represent the radial coordinate of the CY cone. We will also parametrize the transverse R?
space by another radial coordinate p, as well as by another angle x (0 < y < 27). Given
these coordinates, the ansatz we will adopt for the string frame metric is:

ds? = ¢® [d:gil + % (d@% + sin2 0,d? + d62 + sin? aqugﬂ +
e ® 2 2 27 e, 5,
+m2z2 [da +o (dw + cos 01d¢y + cos 02d¢2> ] + 7 <dp + p2dx ), (2.1)
where m is a constant with units of mass which, for convenience, we will take as:
1
2
= 2.2
" gsa/ N ' ( )

with g5 and o’ being respectively the string coupling constant and the Regge slope of
superstring theory. Notice that ¢ (0 <t < 27) is an angular coordinate along Na, which
is fibered over Cy X Cy as in the metric of the conifold. In (2.1) dx%,l is the Minkowski
metric in 1+1 dimensions, ® is the dilaton of the type IIB theory and z is a function that
controls the size of the cycle. The dilaton ® and the function z should be considered as
functions of the two radial variables (p, 0):

= P(p,0), z = z(p,o) . (2.3)

We shall adopt an ansatz for the RR three-form F3 in which it is represented in terms of
a two-form potential Cy as:
F3=dCy , (2.4)

where Cy will be taken as:

Cy = gdx A (dp + cos 01dpy + cos Oades ) (2.5)



with g being also a function of the variables (p,o). The RR field strength corresponding
to the potential (2.5) is given by:

F35 = gdx A (sinf1df; Adpy + sinbfadfs Adps) + dg Adx A (d + cos O1dpy + cos Oadps ) .

(2.6)
We will determine the functions z(p, o), ®(p,0) and g(p, o) of our ansatz by requiring that
the background preserves four supersymmetries. This condition can be fulfilled by imposing
the vanishing of the supersymmetric variations of the dilatino A and gravitino vy of type
1IB supergravity which, for the type of background we intend to study here, are given by:

1 (]
oA = [FM(?M‘b — i—z Fy vy ag DM M2Ms 7’1} €,
e? M1 Mo M.
vy = | Dy + EFM1M2M3F YRS Ty | €, (27)

where € is a doublet of Majorana-Weyl spinors of fixed ten-dimensional chirality and 7 is
the first Pauli matrix (which acts on the doublet €). It turns out that the supersymmetry
preserving conditions d\ = dy;r = 0 can be solved for the Killing spinors € if we impose
on them a certain set of projections. In order to specify these projections, let us choose
the following vielbein basis for the metric (2.1):

P P
P ez ez
60’1 = efdxo’l, 62 = _\/Edela 63 i zsin91d¢1,
m m
@ @ _e
ez2 e2 e 2
et = —/zdfs, e = —1/zsin Oodopo, e = do,
m m mz
7 6730
e = <d¢+cos 01d¢1+cos 92d¢2) ,
mz
_e _e
e 2 e 2
S = dp, e = pdx. (2.8)
m m
Let us now impose to € that:
Foggs e = —€, Lyse7€ = €, Fersg 16 = €, (2.9)

where Iy, 4,... are antisymmetrized products of constant Dirac matrices in the frame (2.8).
Then, one can show that the Killing spinors of the system are of the form:

i
1

e = eTe BT+ 5l n, (2.10)

where 7 are constant spinors satisfying the same set of projections as in (2.9). Moreover,
the three unknown functions z, ® and g must satisfy a set of first-order differential equa-
tions. If the prime (dot) denotes the partial derivative with respect to p (o), this system
of equations is:

2 !

m°g = pz,
20 _ O
e = =55
24z



ng/ = 2672‘1)/)0'@) ,
m?g = —2m? % e g -2 % e 2P (2.11)
z z

Notice the similarity to the equations found in refs. [23, 30, 31]. As in these other cases,
the four equations in (2.11) are not independent. Indeed, one can easily verify that the last
equation can be derived from the other equations of the system. One can also check that, if
the system (2.11) holds, the second order equations of motion of type IIB supergravity for
our ansatz are also satisfied (see appendix C). Moreover, the system (2.11) can be reduced
to the following PDE for the function z(p, 0):

p22 (3 —02) =0 (2022 + 2 4+ p2"). (2.12)

Notice that, if z(p, o) is known, the other function g of the ansatz, as well as the dilaton
®, can be obtained from the first two equations of the BPS system (2.11). Moreover,
since the Killing spinors € satisfy the three conditions (2.9), our background preserves four
supersymmetries and, in fact, one can easily verify! that there are two supercharges of
each two-dimensional chirality, as it should for the case of an N' = (2,2) gauge theory
in two dimensions. Actually, one can recognize the first two projections in (2.9) as the
ones required to preserve the Kéahler structure of the underlying C'Ys manifold, while the
projection involving the Pauli matrix 7; is the one associated to the color D5-branes.

There is an alternative way to obtain the BPS system that makes manifest its geo-
metric nature. This method uses the so-called (generalized) calibration form which, in our
case, is a six-form X obtained from fermionic bilinears. Let us represent it in terms of the
frame basis as:

1
K = 5 Kapoeag €77, (2.13)
where e % = " A e® A ... Ae%. The different components of K are given by:
Kayoag = —e2 €l Loy ag€s (2.14)

2
2

where € is a Killing spinor of the background, normalized as e~ 2 el e = 1, and the mi-

nus sign in the definition (2.14) has been introduced for convenience. By using the SUSY
projections satisfied by our solutions (eq. (2.9)), we get the actual components of K in the
frame basis (2.8), namely:

K= &0 A (62345 _ 2367 _ e4567) _ (2.15)
The Kéhler form J of the internal manifold can be simply written as:
J=eB 4 b — 57 (2.16)
In terms of J, the calibration form K in (2.15) can be written as:

K = VOI(MinLl) ANJNJT, (2.17)

IThe simplest way of deriving this result is by changing to a spinor basis in which the Pauli matrix 7*

of the last projection in (2.9) acts diagonally and by using the first projection in (2.9) and the fact that the
total ten-dimensional chirality is fixed.



where Vol(Ming 1) = e® dz® A dz! is the volume form of the Minkowski part of the metric.

The calibration conditions? are:

“Fy=—d(e *K), d(*K) =0. (2.18)

By computing the exterior derivatives in (2.18) one can check, component by component,
that the resulting equations coincide with those of the BPS system (2.11). Thus, (2.18) is
equivalent to the supersymmetry preserving conditions o\ = dipp; = 0.

2.1 Integration of the BPS system

Let us now obtain a solution of the BPS system (2.11). First of all we notice that, when
o = 0 and p varies, ¢’ is zero (see the third equation in (2.11)). Thus, we can take
g(p,o = 0) = go, where gg is a constant. Actually, by using a flux quantization condition
we can fix this constant to be:

m?g(p,o=0) = 1. (2.19)

By using this value of g at 0 = 0 one can easily integrate z(p, o = 0) from the first equation
in (2.11), namely:
z(p,o =0) = logp, (2.20)

where we have fixed the integration constant by requiring that z(p,o = 0) vanishes when
the (dimensionless) variable p is equal to one. To extend this solution to other values of o,
and to get the other functions of our ansatz, it is useful to look at the realization of our brane
setup in seven dimensional gauged supergravity [37]. In this setup, the particular fibering
of the 1 coordinate in the metric (2.1) comes up very naturally when the solution is uplifted
to ten dimensions, and a solution of type IIB supergravity with metric and three-form as
in our ansatz is generated (see appendix A for a detailed account). Actually, the functions
of the gauge supergravity ansatz depend only on one radial variable and the corresponding
BPS equations can be integrated in analytic form. After a suitable change of variables this
solution provides a solution of the PDE equations (2.11) and (2.12). Let us present this
solution here, leaving the details for appendix A. First of all, we define the function z(z) as:

o2 1— 22+ 222+ ce™ 2

= 2.21
222 ’ (2.21)
where ¢ is a constant. Then, z(p, o) is given in implicit form as:
o? — 2P (e — p?) =0, (2.22)
while g(p, o) and the dilaton ®(p, o) are:
2
m?g = 2P = p? (¥ — 1) +e*. (2.23)

- p2 +672m(622 _p2) ’

2 Actually, only the condition involving * Fj in (2.18) is a (generalized) calibration condition. In spite of
this, in an abuse of language, we will continue referring to the two equations in (2.18) in this way.
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Figure 1. On the left we plot z(p, o) as given by the implicit equation (2.22). The line in this plot
is the segment z = 29 at 0 = 0 and 0 < p < p,,. On the right we plot e2? from (2.23). In both
cases we are taking ¢ = —1.5.

From these expressions it is easy to prove that z, g and ® do indeed satisfy the differential
equations in (2.11) and (2.12).

The detailed analysis of this solution depends on the value of the integration constant ¢
in (2.21). In general, the metric is singular. However, it is argued in appendix A that only
for ¢ < —1 the singularity is “good” in the sense of ref. [3]. For this reason we will restrict
ourselves to analyzing this case. One can straightforwardly verify that, when ¢ < —1, the
function €?*(*) defined in (2.21) has a zero for some positive value of the variable z, i.e.
that there exists a zy such that:

e?r(=0) — ¢ (2.24)

Let us denote by p,, the value of p obtained by taking z = zp in (2.20), namely:
Pm = €70 . (2.25)

It is now clear that the implicit relation (2.22) can be solved for o = 0 as:

logp, it p=pm,
z(p,o=0) = (2.26)

20 , if 0<p<pm.

Thus, the expression (2.20) for z(p,o = 0) is only valid for p > p,. A clue to understand
this result is obtained by looking at the behavior of the function g(p,o = 0) near p = p;,
in (2.23). For p > py, the value (2.19) is reproduced, while g(p, o = 0) vanishes for p < p,.
This discontinuous change of g at p = p,,, 0 = 0 seems to indicate that this is the location
of the D5-branes. A confirmation of this fact can be obtained by studying the form of the
dilaton. From (2.23) and (2.26) one gets:

2 1 1 .
R vk 2(logp>2] t gz 0 P2 Pm

e2<1>(p,0=0) — (227)

e**0 — p? if 0<p<pm,




which, in particular means that e® vanishes for ¢ = 0, p = p,,,, making the dilaton singular
at that point. All these features of our solution are displayed in figure 1, which in particular
shows the constant z = zg segment along the ¢ = 0 axis. Taken together, all these results
mean that our NV = (2,2) solution can be interpreted as generated by a distribution of
D5-branes smeared along the ring p = p,, 0 < x < 27 and located at the o = 0 point of
the C'Y3. Accordingly, our solution can be regarded as the supergravity dual of a slice of the
Coulomb branch of N' = (2,2) two-dimensional SYM. We will confirm this interpretation
in appendix A by looking at the UV and the IR behavior of our solution. Moreover, in the
next subsection we will verify that ¢ = 0 defines the SUSY locus of a D5-brane probe in
our geometry.

2.2 Probe analysis

Let us now study the dynamics of a color D5-brane probe in our background. The action
of such a probe is determined by the DBI+WZ action, given by:

S = —Ts /dGCeq) \/— det(Gg + 2ma/ F) + Ts /06 , (2.28)

where ¢* (a = 0,...,5) is a set of worldvolume coordinates, F is the field strength of
the worldvolume gauge field, Gg is the induced metric and a hat over Cg denotes its
pullback to the worldvolume. The D5-brane probe we will analyze is extended along the
Minkowski directions, wraps the S? x S? four-cycle and is located at a fixed value of
the remaining coordinates. Accordingly, we shall choose our worldvolume coordinates as
¢* = (2°,2',01,¢1,02, #2) and embed our brane at a constant value of (o, %, p, x). We will
consider first the case in which the worldvolume gauge field vanishes. The induced metric
for such a configuration is:

GO dcrdct = € | da?, + % (d6? + sin® 60y dg? + db2 + sin® 0y dg3) | +

o~ 2 )

W |: COS 91 d¢1 -+ cos 62 d¢2:| . (229)
The RR six-form potential is related to the Hodge dual of Fj as F7 = —*F3 = dCg. From
the first calibration condition in (2.18) one concludes that Cg can be chosen as:

Cs=e %K. (2.30)

By using the explicit expression of the calibration form K given in (2.15) one immediately
obtains the pullback of Cg, namely:

62‘1)2’2

Cs = — sinfy sinfyd°C . (2.31)
m

Plugging these results into the DBI+WZ action (2.28) one gets the value of the action for
the static configuration we are considering:

22 e2® o2e2®
S = —T; / d®¢ T sinfy sin 6y [ 1+ 3 ( cot?f; + cot?60y) — 1|, (2.32)
m z



which is nothing but minus the static potential between the stack of N. color branes
that created the background and the additional probe. It is clear from (2.32) that this
potential is non-vanishing except when ¢ = 0, which confirms that this point is a zero-
force supersymmetric locus inside the Calabi-Yau space. This fact can also be verified
directly by means of kappa symmetry.

Let us now assume that our probe is located at ¢ = 0 and that we switch on a
worldvolume gauge field F),,, whose only non-vanishing components are those along the
Minkowski directions z#. Recall that our branes can be at any point of the transverse
R? space. We will parametrize these flat directions in terms of a complex coordinate Z,

related to (p, x) as follows:
1

Z = —peX, (2.33)

m
where we have included the 1/m factor to absorb the one we introduced in (2.1) with our
notation (notice that Z has dimensions of length). We will assume that Z only depends

on (2%, 2'). By expanding the DBI action up to quadratic terms, we get:

/ LpB1
S2x .52
(2.34)

where z is evaluated at ¢ = 0 and, in order to pass from the abelian to the non-abelian
theory, we have substituted F),, F'*’ — Tr [F;w F W] (and similarly for Z). Let us now
define the complex scalar field ¥ as follows:

1 1
ST Fu ] + Grap onz0"2] .

2(27)* (/)T 9

quadratic m

Z
U = . 2.35
2ma/ (2:35)
Then, the action (2.34) can be written as:
1
= Te B FP] — = Te [0, 070" 0] | (2.36)
299 M 9ym

where the gauge fields have the canonical normalization and the Yang-Mills coupling takes

the form:
o gsa/ N2

2
9ym T

From the explicit value of z(p,0 = 0) in (2.26) we conclude that gyy decreases as we

2(p, 0 =0). (2.37)

move towards the UV region (large p), as expected in a non-abelian Yang-Mills theory.
However, we cannot extract more specific information from (2.37) due to the fact that
we do not know the precise holographic radius-energy relation. Moreover, one also has
to take into account the growing of the dilaton as p — oo (see (2.27)), which invalidates
the supergravity approximation. This is actually a generic problem of all backgrounds
generated by D5-branes (see section 4 for an alternative brane setup).

2.3 The dual of the (2,2) theory with flavor

Let us now try to extend the results of the previous subsection to the construction of a
supergravity background which could encode the effects of adding flavor degrees of freedom,

,10,



i.e. of fields in the fundamental representation of the gauge group. In order to perform
this task we should add new (flavor) branes that introduce a new open string sector to
the theory on the gravity side. These flavor branes are D5-branes that fill the Minkowski
space-time and in addition are extended along a non-compact four-cycle of the Calabi-Yau
threefold and sit at a fixed point in the transverse R?. Actually, the value pg of the radial
R? coordinate p at which the flavor branes sit in R? parametrizes the mass mgq of the
matter fields we are adding (mg ~ po/Va/).

In order to characterize the four-dimensional submanifolds of the Calabi-Yau threefold
that could be suitable to wrap a flavor brane, one should determine the embeddings of
the D5-brane that preserve the four supersymmetries of the unflavored background. This
analysis can be done systematically by using kappa symmetry and it is very similar to the
one performed in [39] for the embeddings of D7-branes in the conifold Klebanov-Witten
model (see also refs. [40, 41]). Let us skip the details of this analysis and just give the final
result. Let us suppose that we have a D5-brane extended in z°, 2! as well as along a four-
dimensional submanifold My of the CY3. It is quite convenient to define three complex
variables ¢; (i = 1,2,3) as:

91 i} 62 i . . —i

(1 = tan <5> et (s = tan <5> e'?? | (3 = o sinfy sinfye . (2.38)
Then, the My’s that correspond to a supersymmetric embedding of a D5-brane are those
in which (1, (5 and (3 are constrained by a holomorphic relation. Actually, we will restrict
ourselves to the case in which this relation is polynomial and My is the geometric locus of
the equation:

mi ~ma ~ms3

1" (3" = constant , (2.39)

with mq, mo and mg being some constant exponents. When the number of flavor branes
is much lower than the number N, of color branes, one can neglect the backreaction of
the former in the geometry and treat them as probes. On the field theory side this ap-
proximation corresponds to neglecting quark loops in the 't Hooft large N, expansion, i.e.
to the so-called quenched approximation. In this paper we will concentrate on studying
the opposite (unquenched) limit, in which the number Ny of flavor branes is of the same
order as the number N, of color branes. This limit is the gravity counterpart of the one
considered by Veneziano [42] in gauge theories.

When Ny ~ N, the backreaction cannot be ignored and one has to consider the full
coupled gravity plus branes system. Finding the general solution of the equations of motion
of this coupled system for any embedding of the family (2.39) is, of course, a formidable
task. For this reason we will try to find a particular class of embeddings for which the
problem becomes simpler and tractable. Notice that the radial coordinate o and the fibered
angle 1 only enter in (2.39) through (3. Thus, if ms = 0, then o and ¢ are not constrained
by (2.39) and they can take all possible values which, in particular, means that the cycle
is non-compact as desired. If, in addition, mq or mo also vanish, the description of My in
terms of the other coordinates (6;, ¢;) greatly simplifies. Indeed, if m; = m3 = 0, eq. (2.39)
tells us that (02, ¢2) are constant and (61, ¢1) are unconstrained. Thus, in this case, if £*
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are a set of worldvolume coordinates, the embedding is characterized by:

é‘CM = ($0,$1791,¢1,U,1/1) ) (927¢27P7X Constant) . (240)

Similarly, when ms = mg = 0 the embedding is:

é.a = ($0,$1792,¢2,U,1/1) ) (917¢17P7X Constant) . (241)

It is easy to check directly that superposing any number of flavor branes extended as
in (2.40) and (2.41) does not break any of the supersymmetries preserved by the unfla-
vored system. Indeed, using the fact that the total ten-dimensional chirality of the type
IIB theory is fixed:

9% = —Top9e = ¢, (2.42)

one can straightforwardly demonstrate that the projections (2.9) imply:
Foi2367m1€ = €, Loras67m1€ = €, (2.43)

which are just the conditions required by kappa symmetry to ensure that the embed-
dings (2.40) and (2.41) are supersymmetric®.

We want to find the backreacted geometry in which the metric is still given by the
ansatz (2.1). Notice that this ansatz is symmetric under the exchange of the two-spheres
parametrized by (01,¢1) and (62, ¢2). Accordingly, we will consider a configuration in
which an equal number Ny of D5-branes are extended along the two “branches” (2.40)
and (2.41). Thus, the brane setup that we will consider preserves this symmetry and can
be represented by means of the array:

CY3
Rl’l 52 SQ N2 RQ
N.D5(color) | = | =1 O|1O1O|0O
Ny D5 (flavor) | — | = | O | O - -
Ny D5(flavor) | — | — | - - 1O1O -1 -

Contrary to what happens with the metric, in the presence of flavor branes one nec-
essarily has to modify the ansatz of the RR three-form F3. This is due to the fact that
the branes couple to the RR fields by means of their Wess-Zumino term in the action,
which leads to a modification of the Bianchi identity for F3. To get the precise form of this
modification, let us look at the WZ term of one of each flavor branes:

Ny
S{}C\l/%vor,l = T5 Z /M(i) éﬁ s (244)
6

3 Similarly, after using (2.42), the last projection in (2.9) can be written as:

To12345T1 € = —€,

which is the condition expected for color D5-branes extended along the directions (2°, ', 61, é1, 02, p2).
Notice, however, the different sign with respect to the one in the projections (2.43) for the flavor branes,
which is reflecting the different orientation of the worldvolume of the latter.
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where the index i = 1,2 labels the two branches (2.40) and (2.41). As the embeddings are
mutually supersymmetric for any value of the coordinates transverse to the flavor brane, we
can homogeneously distribute the branes in some of their transverse directions. Actually, we
shall locate the branes at a fixed value p = pg of the radial coordinate p (which corresponds
to a fixed value of the quark mass) and we will distribute them homogeneously along their
transverse angular coordinates. Moreover, when Ny — oo we can substitute the discrete
distribution of branes by a continuous distribution with the appropriate normalization.
This approach of smearing the branes was pioneered in [19] (see also [20]) and has been
applied successfully to construct several flavored backgrounds [21]-[36]. In our case, the
smearing in the i branch amounts to performing the substitution:

Ny
iy / Gy = T / Vol (V) A Cs (2.45)
Mél) Mio
where Vol(yf) ) is the volume form of the space transverse to the i*" branch, normalized as:
/ Vol(V) = Ny, (2.46)
M(l)
4

with /\/lé(f) being the four-volume orthogonal to the six-dimensional worldvolume /\/lg) of
the #*" branch. The minus sign on the right-hand side of (2.45) is due to the orientation of
the worldvolume of the flavor branes. As we place the flavor branes at a fixed value pg of
the p variable and we smear them along the other compact dimensions, one can check as
in [23] that:

N N
VOl(yS) ) = 8—71}; dp—pg)dp Ndx ANws Vol(yf) ) = 8—77}; d(p—pg)dp Ndx Nwy ,
(2.47)

where wy and w9 are the volume forms of the (61, ¢1) and (62, ¢2) two-spheres, namely:
w1 = sinf dO Ndoq wo = sinfy dbs N des . (2.48)

Given the coupling of the WZ term of the flavor branes to the Cgs potential (see (2.45)),
one has the following modification of the Bianchi identity for Fj:

dF3 = 2k, T5 Q) , (2.49)

where the four-form €2 is the so-called smearing form, which encodes the distribution of
D5-brane charge of our setup and is given by:

N
Q= —Vol(yil)) - Vol(yf)) = _8—7:2 8(p—pg)dp Ndx A (w1 + wa) . (2.50)
Moreover, taking into account that 1/T5 = (27)° g5 (¢/)? and 2&%10) = (2m)7 g2 (a/)*, one
gets:
gs0/ Ny
dF3 = — 8(p—po)dp Ndx A (w1 + wa) . (2.51)
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It is now easy to modify the ansatz for F3 in (2.6) in such a way that (2.51) is satisfied.
Indeed, one can readily verify that F3 can be taken to be:

/
F; = [g — % O(p—pg) | dx N (w1 + wa) + dg Adx A (dip + cosO1dgy + cos Oadgps ) |
(2.52)
with © being the Heaviside function. As stated above, we will continue to assume that the
backreacted metric has the form written in (2.1). Using for this modified ansatz the same
projections as in (2.9) and the same form of the Killing spinor as in (2.10), we now get the
following system of first-order BPS equations:

/
gsa' N
m? g_sTf@(P—PQ) = p,
20 O
© T ap

mig = Qe_Qq)pafi),

/
2. 29 29 gs Ny PO 20 51
mg = —2m 3¢ g— T@(p —pQ)|— 22—26 o', (2.53)
As the set of projections imposed on the Killing spinors in this flavored case is just the
same as in (2.9), any solution of the system (2.53) gives rise to a background that preserves
the same four supersymmetries of the unflavored theory. Clearly, when Ny = 0 or p < pg
the system (2.53) reduces to the one written in (2.11) for the unflavored system. Moreover,
as explained in detail in appendix C, any solution of (2.53) also solves the equations of
motion with source terms from the smeared flavor branes. Furthermore, as it happens for
the unflavored case, we can reduce this system to the following PDE for z(p,o):

Ny
2N,

od(p—pg) + pt (2 —02) =0 (2p22* + 2 + p2"). (2.54)

Notice that the effect of the flavor in (2.54) is a delta-function source located at p = pg.

Notice that the third equation in (2.53) implies that g(p,o = 0) is also constant in
this flavored case. Actually, as argued in [23] the solution should be the same as in the
unflavored case for p < pg. Taking this into account we conclude that (2.19) also holds
when Ny # 0. Using this information it is straightforward to integrate the first equation
in (2.53) and get z(p,o = 0). Imposing that the solution matches the unflavored one for
p < pg and that is continuous at p = pg one gets:

Ny

N
#p,0=0) = |1-55-0(p—pq) | logp + ﬁ O(p—pq) logpg ,  (p=pm) . (2.55)

When Ny < 2N, we see from (2.55) that the addition of flavor makes z(p,o = 0) grow
slower with p which, in view of (2.37) makes the UV decreasing of gyy smaller. Actually,
this is what is expected to happen to the Yang-Mills coupling when matter degrees of
freedom are added to a gauge theory. When Ny > 2N, the function z starts to decrease at
p = pg and becomes negative at some large value of p, where the solution ceases to be valid.

In order to evaluate z for arbitrary values of p and o we must integrate numerically
the BPS system (2.53). In this integration we assume that the solution reduces to the
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Figure 2. Plot of z(p, o) obtained by the numerical integration of (2.54) for pg = 3 and Ny = N,
(left) and Ny = 3N, (right).

unflavored one one for p < pg and that the function g is continuous at p = pg. Then, it
follows from the first equation in (2.53) that 2’(p, o) has a discontinuity at p = pg which
is independent of ¢ and given by:
Ny 1
2 +eo0) — 72 —€,0 =1 - 2.56
(ra+¢.0) = #lpg —e.0) = ~53 - (2:56)
The result of the numerical integration is shown in figure 2. Notice the characteristic wedge

shape of z(p, o) near p = pg.

3 The dual of N/ = (1,1) theories

We shall now try to find a background representing D5-branes wrapped on a four-cycle
with reduced supersymmetry. In particular we shall concentrate on the case in which the
number of supersymmetries is two. By a simple counting argument one readily concludes
that the four-cycle that the D5-branes wrap must belong to a manifold of G5 holonomy.
We are thus led to consider the following brane setup:

Go

R s4 Ny |R
Ds|-[-]OJOIO]O] -]

In order to formulate a specific ansatz for the metric and the three-form of this brane

arrangement, let us recall that a geometry of a non-compact manifold with Go holonomy
with a co-associative four-cycle was found in refs. [43, 44]. Let us explicitly write this
metric. We start by representing the line element of a four-sphere as:

4 2

do? = arer de? + > (wh)? + (W2 + (W*)?) | (3.1)

4

where 0 < ¢ < +o00 is a non-compact coordinate and w’ (i = 1,2,3) is a set of SU(2)
left-invariant one-forms satisfying dw’ = %eijk wl A wPF. Let us in addition introduce two
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angular coordinates  and ¢ (0 < 6 < 7, 0 < ¢ < 27) parametrizing a two-sphere and let
E' and E? be the following one forms:

2
E' = do + 1 f_£2 (sin¢w1 — cosq§w2) )
& &
E? = sinf (dqb i e w3> + e cos (COS dw' + sin¢w2) . (3.2)
Then, the metric of G5 holonomy of refs. [43, 44] can be written as:

do)? 2 2 4
ast = O T oz T (1_“_4>[(E1)2+(E2)2}, (3.3)

1 — 2_4 2 4 o

where a is a real constant and the variable ¢ is defined in the range a < o < oo. The
geometry (3.3) is a resolved G5 cone with a blown-up four-cycle at the tip of size a. Notice
that the (0, ¢) two-sphere is fibered over the four-cycle.

We will take the metric (3.3) as the starting point to formulate our ansatz for the

0.1 and a new

ten-dimensional metric. First of all we add two Minkowski coordinates x
non-compact coordinate p transverse to the special holonomy manifold. Moreover, we will
parametrize the size of the cycle by a function z, which depends on both ¢ and p. The
deformation of the manifold induced by the D5-brane produces a squashing between the
four-cycle and the fibered S?. We will adopt a particular ansatz for this squashing, which
is just the one that is obtained when the metric is generated by uplifting from seven-
dimensional gauged supergravity (see appendix A). Accordingly, let us consider a string
frame metric of the form:

02 = o a2+ Zao2| o [do? + o2 (' + (122 ] e (3
1,1 m2 0 1 m2 p) 5 (o

m2z3

where ®(p, o) is the dilaton and m is the constant with dimension of mass written in (2.2).
As in any other supergravity solution representing D5-branes, the background is endowed
with a non-trivial RR three-form Fj3. In order to write its expression in a compact form,
let us define the one-forms S¢ and S' (i = 1,2,3) as:

2

¢ —

S e dg |

St = 1f§2 <sin¢w1—cos¢w2),

2§ : 3 1w 2

S = e sin 0 w Cosﬂ(cosqﬁw —|—51ngz5w) ,

S = %52<—cous3—Sin9(005¢w1+sin¢w2)>. (3.5)

Notice that the metric of the four-sphere can be simply written as:
A3 = (8% + (8Y)° + (87)% + (8°)%. (3.6)
Let us represent F3 in terms of a two-form potential Cy as:

Fy = dC, . (3.7)
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Then, we shall adopt the following ansatz for Co:
Co =gt E'NE? + g3 (SCAS* + S'AS?) (3.8)
where g1 and go are functions of the variables p and o. By using:

d(E' NE?) = d(S*AS* + S'AS?) =
= B'ASEAS? = STAS?) + EPA(SSAS' + SPASY),  (3.9)

one finds that the field strength Fj is given by:

Fy = (dydp+ g1do) NE'"NE?* + (ghdp+ godo) N (SEAS® + S'AS?) +
g+ g) [ B A(SEAS? = SASY) + B2A(SEAS + S2A8Y)] . (310)

Let us now impose that our ansatz preserves two supersymmetries. As in section 2
we have to require the vanishing of the supersymmetric variations (2.7) of the dilatino and
gravitino, once a certain set of projections are imposed to the Killing spinors. Specifically,
let us choose the following vielbein frame basis for the metric (3.4):

@
ei:egdaci, (i=0,1), 6222\/285,
m
o _2
. 2 . 2
o =2 s, (j=3,4,5) b = do,
m mz3
_2 _2
2 2
ek - 6—2 O-Ek76 ) (k = 778) ) 69 = ‘ dp . (311)
mzs m

Then, we shall impose on the Killing spinors € the following projections along the internal
directions:

Iose = T'gge = I'rge
F456 = F67€ . (312)

In addition, we shall also require the condition that corresponds to color D5-branes ex-

0

tended along the Minkowski directions 2, 2! and along the four-cycle, namely:

F67897—1 € = €. (313)

Using the fact that the total ten-dimensional chirality is fixed (see (2.42)) this condition is
equivalent to:
F0123457'1 € = —€. (314)

We will assume that the Killing spinor € does not depend on the Minkowski and angular
coordinates. The set of BPS equations obtained in this way is:

2 _
é m? z5e?® |, ge 2
= 5 5 91— 7
2 o2 2%
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2 .2 2® 2
m° z°e . 3
<1>’__7 s— 01 — —(91+92) ,
oz3
3
z = —fe_m,
Z3
3m2 2
7= —25(g1+92) ,
g
. 1
g = —(n+9),
(o2
¢h = T e, (3.15)

m2z5
In addition, the vanishing of the supersymmetry variation of 15, implies that the derivatives
with respect to o and p of the Killing spinor € are given by:

2 29 I
m e zZ3
¢ = 295 + —g’]e,
823 [ ? o? !
2 20 I
m . e“® 23 | 4 +
¢ = — 1 [292 + 5— 91 + 7(91 g2) } €. (3.16)
823 o

By comparing the right-hand sides of the two equations in (3.16) with the system (3.15),
one discovers that they can be simply written as derivatives of ®, namely:

P o’
é = ZG, EI = IG. (317)
It follows that ¢ must be of the form:
D
e =ele, (3.18)

where ¢y is a constant spinor satisfying the same projections as e. This means that our
background is 1/16-supersymmetric, i.e. it preserves two supersymmetries which, as in the
case studied in section 2, have different two-dimensional chirality, as it corresponds to a
gravity dual of an N' = (1,1) supersymmetric gauge theory in two dimensions.

One can verify that any solution of (3.15) solves the second-order equations of motion
(see appendix C). It can be also checked that the first two equations in the system (3.15)
are a consequence of the last four. Moreover, we can write a single PDE for z(p, 0):

<z2 + %(z)2> = g(z/)2 —z2". (3.19)

If a solution of (3.19) is known, one can use it in the system (3.15) to get the other functions

TS

z

of the ansatz, namely ®, g; and gs.

As in the case studied in section 2, the BPS system can be recast in terms of a
calibration form /C. Indeed, let IC be defined as in (2.13)—(2.14) in terms of spinor bilinears.
By using the projections (3.12)—(3.13) satisfied by the Killing spinor in this case, one gets
that IC can be written:

K = 601 A (62345 + 62367 + e3478 _ 62468 + e3568 + 62578 + e4567) ’ (3.20)

where the e®’s are the one-forms of the basis (3.11). Moreover, one can verify that the
system (3.15) is equivalent to the calibration conditions written in (2.18) for the six-form
written in (3.20).
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3.1 Integration of the BPS equations

The gauged supergravity approach provides a particular solution of the PDE equa-
tion (3.19) in implicit form. The details of this solution are explained in appendix A.
Let us write here the final result. The function z(p, o) is the solution of the implicit
equation:

2 o2

_|_
3 z NE 3 { z z r
23 [I%(g)—i-cl_%(g)] 23 I_%(g)—i-cfg(g)
where the I, are modified Bessel functions of the first kind. One can check that, indeed,
this implicit function solves the PDE (3.19). In order to write the expression of the dilaton

=1, (3.21)

®, let us define the function z(z) as:

1
I5(5)+cls(3)]°
e(2) = [I s 3 s 2 (3.22)
1 (5)+cl -1 ()
Then, the dilaton ® is given by:
= \/er p? + T3 e 2 g2 (3.23)
Let us next define the angle ¢ (0 < < ) as:
cotp = dde L (3.24)
o
Then, the functions g; and g2 can be written as:
1 4z—2% ) ¥
- 5 _ ’ = 3.25
n= <Z e po — 92 = 3 (3.25)
As in the case with four supersymmetries, the interpretation of the N' = (1,1) solu-

tion (3.21)—(3.25) depends crucially on the value of the integration constant c¢. We will
argue in detail in appendix A that the physically sensible solution is obtained when ¢ < —1.
In this case the function e2*(*) defined in (3.22) vanishes for some value z of its variable

z, which is the solution of the following transcendental equation:

20 20\
Is <§> +els <§> ~0. (3.26)
By inspecting (3.21) we deduce that o = 0 when z = 2y. Actually, from the explicit

plot of the function z(p, o) (see figure (3)) we conclude that z = zy defines a segment in the
o = 0 axis. This segment is characterized by the conditions 0 =0, —p. < p < p., with:

20 20
0 (5) e (5)

One can also verify that e® vanishes along this constant z = z segment. Thus our solution

1
6

pe = 2§ (3.27)

has a linear distribution of singularities. One can check that these singularities are good in
the sense of [3] (see appendix A). Therefore, our solution can naturally be interpreted as
being generated by a linear distribution of D5-branes, smeared along a finite segment on the
direction of the coordinate p orthogonal to the G2 holonomy manifold (see appendix A for
a more detailed study). Accordingly, the solution (3.21)—(3.25) can be regarded as giving
the gravity dual of a slice of the Coulomb branch of NV = (1,1) SYM. We will further check
this statement in the next subsection by means of a probe computation.
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Figure 3. Plots of z(p, o) (left) and e®® (right) obtained from (3.21) and (3.23). In both cases
we have taken ¢ = —1.5. On the left plot we have represented by a line the segment z = z,
—pe < p < pe in the o = 0 plane.

3.2 Probe analysis

Let us now consider a D5-brane probe extended along the Minkowski directions and wrap-
ping the four-sphere. The dynamics of such a probe is governed by the action (2.28).
In order to select an appropriate set of worldvolume coordinates, let us parametrize the
left-invariant one-forms w’ appearing in d22 by means of three angles 0, p and 9 as follows:

w' = cospdf — siny sinédgb ,

w? = sini/;dé + cos sinédg& ,

w? = dyp — cosfdp , (3.28)
with 0 < 0 <m 0< o <2m 0L 1/; < 4m. Given this parametrization, we will choose
¢ = (2% 2, 9, P, 1/;) as our set of worldvolume coordinates and we will assume that the
remaining ten-dimensional coordinates (o, 6, ¢ and p) are constant. In order to write the

induced metric for this embedding, let us point out that, as follows from their definition,
the one-forms E' and E? can be written as:

FEl' = dh + ¢S, FE? = sinfdp — €S2, (3.29)

where S' and S? are the one-forms defined in (3.5). Then, the pullback of EY? to the
worldvolume for our particular embedding is related to those of S! and S?, namely E' =

& S L E? = —£ S2. Hence, it follows that the induced metric, in string frame, becomes:
® 2 P
A6) 300 770 _ &5 2 €7 0" 42 S1N2 | (82)2) | € F(83\2 (62
GO dcadch = e dm171+m<1+@£ )((3 )+ (87))+ = ((8%)*+(89)7). (3:30)

We will first consider the configuration in which the worldvolume gauge field F' vanishes.

The determinant of the induced metric entering the DBI action in this case is just:

A 222 3® o2 &3 sin @
\/—det Gg = 1 2 . 31
oG m* ( - 25 €20 : ) (1+&2)4 (3.31)
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Therefore, the DBI term in the action is:

Sppr = ol A 1+Z%62¢§ Aren (3.32)

In the Wess-Zumino term of the action Cg is the pullback of the RR six-form potential which
can be chosen in terms of the calibration form as in (2.30). From the explicit expression
of K in (3.20), we get the pullback of Cg, namely:

A 222 2% ¢3gin g o2&?
Co=——>"—""(1—- —|d°. 3.33
‘ m# (14 ¢2)4 < 25 2% > ‘ (3.33)

By adding the DBI and WZ contributions we get:

g = A5 /dﬁg RN L. U (3.34)
1+t
which is just minus the static potential between the stack of color branes and the additional
probe. This potential is vanishing for ¢ = 0, which is the no-force locus of the branes in
the internal manifold. It can easily be checked by using kappa symmetry that this ¢ = 0
configuration is also supersymmetric.

Let us next assume that we are at the ¢ = 0 point and that we switch on a
worldvolume gauge field F' such that its only non-vanishing components are directed along

0.1 Following the same steps as in subsection 2.2

the unwrapped Minkowski directions x
one can expand the DBI action up to quadratic order and find the expression of the
Yang-Mills coupling. One gets:
1 ' N2
— =52 e 20 =0). (3.35)
9yMm 67

The function z(p,o = 0) can be obtained from the implicit relation (3.21). As is clear from
the plot in figure 3, z(p,0 = 0) grows when p is large which, according to (3.35), makes
gyMm decrease in the UV, as expected. However, as in the case with four supersymmetries,
the dilaton blows up at p — oo and the behavior of the solution in the deep UV region is
not trustable.

3.3 Addition of flavor

Let us now consider the addition of backreacting flavor D5-branes to the previous N' = (1, 1)
background. These flavor branes should be non-compact (extended along the o direction)
and should be extended in such a way that they do not further break the supersymmetry.
Actually, we will be able to find a set of suitable deformations of the unflavored background
without determining previously the family of supersymmetric embeddings of the flavor
branes. In principle one should use kappa symmetry to find the precise shape of these D5-
branes in the N' = (1, 1) background. However, this analysis is quite involved and we will
not attempt to perform it directly. Instead, we will try to find directly the four-form charge
density distribution for the system of extended calibrated sources, €2, which is compatible
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with our metric ansatz (3.4) and preserves all the supersymmetries of the unflavored system.
We will find a general expression of 2 which we will subsequently restrict to a particular
case with interesting properties. The corresponding background metric for this €2 can be
computed by numerical integration of the system of BPS equations. In subsection 3.3.1 we
will find a set of supersymmetric embeddings for the flavor branes and we will argue that
the Q found previously by studying the compatibility of SUSY with our ansatz contains the
density distribution which results after averaging over these embeddings in a suitable way.

Recall that, due to the WZ term of the action for the smeared brane system, T5 [ QACs,

the Bianchi identity is violated as:
dF3 = 2k3,T5 ) . (3.36)

As in the N = (2,2) case, we will place our flavor branes at a fixed value pg in the p
coordinate (pg being proportional to the quark mass). Thus, the smearing form € should
contain 6(p — pg) in its expression. Moreover, it is clear from (3.36) that d2 = 0. These
last two conditions are satisfied if 2 is of the form:

2630 T5 Q2 = 0(p — pg)dp A dA | (3.37)

where A is a two-form depending on ¢ and on the angular coordinates. Notice that we can
represent Fj satisfying (3.36) as:

3 = dCs + fs, (3.38)
where dfs3 = 2/@%0 T5 Q). Clearly, one can take f3 to be given by:
fy = ©(p— po)dh . (3.39)
Thus, the total RR three-form field strength is just:
F3 = dCy + O(p—pg)dA . (3.40)

From the expression (3.40) of F3 the similarity between the two-form A and the RR po-
tential Cy is quite evident. We will assume in this flavored case that Cy is still given by
the ansatz (3.8). It is thus natural to adopt a similar ansatz for 2, namely:

A = Li(0)E'NE? + Ly(0) [SEAS? + ST AS? (3.41)

where L1 and Lo are functions of the coordinate o to be determined. Notice that the

resulting value of the smearing form €2 is given by:

3o —
q=2e—ra), .

ST (L1+Lo) [El A(SEANSE-S'AS})+E2A(SEAST+S? A 53)} -

+Lydo A EY A E? + Lodo A {Sf AS3+STA 52} . (3.42)
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Moreover, if Cy is parametrized in terms of the functions g; and gy as in (3.8), the total
RR three-form Fj for the flavored background can be written as:

F3 = [gid/’ + (91 + L1@(p — pq))da] ANE'ANE? +
+[dhdp + (g2 + La©(p — pg))do] A (SEAS? + ST AS?) + (3.43)
+(91+92+(L1+L2)O(p—py)) [El A(SENS2—STAS) +E? A (SEAS' 82N 53)]

It is clear from this expression that the flavored BPS system can be obtained from the
unflavored one in (3.15) by means of the substitution:

gi =g+ Li®lp—pq),  (i=1,2),
g1+92— g1+92 + (Li+ L2)O(p— pgq) - (3.44)
One gets:
b m2 23 e2® ) ge—2%
- 2 0_2 gl Z% I
m2 2e2® ) a2
P = - 5 [91+L1@(p—pQ)] — l[gl—i-gg—i-(Ll—i-Lg)@(p—pQ)] ,
2 o o235
z = 3—367%1) ,
23
, 3m? 2
z = 72’3 [gl+92+(L1+L2)@(p—pQ)] s
. 1 .
g2 = < [g1+ 92+ (L1 + L2)O(p — pg) | — L2©(p— pq),
gh = —— e (3.45)
m2z3

By analyzing the system (3.45) one easily discovers that the (p, o) crossed derivatives of
the functions g1 and g are not equal. Indeed, one can prove that:

. . 1 .
Opn — 0y gy = 05 gh — 0p o = - [Ll + Ly — ULQ] p—prq), (3.46)

which, after all, is not surprising since the first derivatives of g and g9 are potentially
singular at p = pg according to the system (3.45). Notice that this would make d’Cy #0
and our stating point equation (3.36) would not be satisfied for the Q written in (3.42).
In order to avoid dealing with this unwanted singularity, we will require the vanishing of
the right-hand side of (3.46), which is equivalent to imposing that L; and Ly satisfy the
differential equation:

: 1
Ly = - (L1 + L) . (3.47)

Notice also that, if equation (3.47) holds, the equation for go becomes:

1
9= ~[an+e], (3.48)

and the potentially singular term for go at p = pg disappears. Furthermore, as shown
in appendix C, any solution of (3.45) with L; and Lo satisfying (3.47) also solves the
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equations of motion of the gravity plus (smeared) branes system. Moreover, as in the
unflavored system, one can write a single PDE for the function z(p, o), which now has a
source term parametrized by L1 + Lo, namely:

3m?(Li(0) + La(0)) s

(2% + ; (2)?) = 3 (') — 22" — - 23 8(p — pq) - (3.49)

ol

z

Furthermore, one can verify that the calibration conditions (2.18) reduce to the sys-
tem (3.45) when the new ansatz (3.43) for F3 is adopted.

Notice that one can use the compatibility condition (3.47) to obtain the function
Ls(0) in terms of Li(o). Indeed, one can easily integrate (3.47) by applying the method
of variation of constants, with the result:

A+ /0 ¢ Lz(f) ]0, (3.50)

LQ(O’) =

where A and o( are constants. Eq. (3.50) is not enough to determine L; and Lg. For
this reason one has to find some other physical conditions that could be used to constrain
these functions. Recall that () parametrizes the volume transverse to the flavor branes, on
which we smear them to produce a continuous distribution. Its Hodge dual *(Q is a six-form
with components parallel to the worldvolume of the flavor branes. Color and flavor branes
should not overlap in the internal space. It is thus natural to require the vanishing of the
pullback of *€2 to the worldvolume of the color branes, namely:

*Q|colorwv =0. (351)

Recall from the analysis of subsection 3.2 that the color branes are located at o =
constant = 0 and their angular embedding is such that the pullback of the forms E!
and E? is such that B! = ¢S and E? = —¢ 82, By computing explicitly the pullback of
*Q to this submanifold, we get:

m* 30 4 Ly e® 2 27 0 1 4
*Qleotoruww = s 6(p—pq) | €7 2" — — & 0" Lo dx” Adx” AVol(S%) . (3.52)
210 Ts 0% 3 =0
Thus, to impose the condition (3.51) one has to require:
Ll 2 7
=, =° Lo|,_, =0, (3.53)

which constrain the behavior of L1 and Lo near ¢ = 0. Actually, the condition on Lq just
means that, if we assume that L; ~ o near o = 0, then necessarily 3 > 3. In fact, assuming
this power behavior of Ly, it is straightforward to use (3.50) to get L; and Lo, namely:

B
Ly = Bo?, LZ:AJJFﬁ_laﬁ*l, (3>3). (3.54)

Another test that the smearing form {2 must pass can be obtained by looking at the the
DBI term of the action of the system of smeared branes. Taking into account that, for
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a SUSY configuration, the induced volume form is just the pullback of the calibration
form JC and that the smearing is performed just by taking the wedge product with 2, this
action takes the form:

Slavor . _ /M e PQNK . (3.55)
10

The ten-form Q A K can be explicitly computed from (3.42) and (3.20), with the result:

m4

QA = g 2
2/4:10T5

ol

[6L2 + 23 e®® %} §(p — pg) Vol (Myp) . (3.56)

Notice that Q2 A KC can be interpreted as the mass distribution of the system of flavor
branes which, being a ten-form in a ten-dimensional space, is proportional to the vol-
ume form Vol (M) of the ten-dimensional manifold. The function multiplying Vol (M)
in (3.56) represents the mass density of the p = pg slice of the space in which we are
smearing the flavor branes. Notice also that our conditions (3.53) ensure the regularity of
QAK at 0 = 0. Moreover, from a physical point of view one should require that the mass
distribution 2 A K integrated over any portion of My always gives a positive number.
This positivity condition is fulfilled if the function multiplying Vol (Mg) is everywhere
positive. One can check that this is the case when L; and Ly are given by (3.54) if both
constants A and B are negative. Actually, there is a solution of those written in (3.54)
that is particularly simple and appealing, namely:

L1:0, L2 =Ao. (357)
In order to explore the properties of this solution, let us parametrize the constant A as:

A = —2r3,T5 > (3.58)
where we introduced the factor 2x%, T5 to absorb the one we have introduced in the def-
inition of L; and Lo in (3.42) and the remaining factors have been introduced for con-
venience. The constant n; characterizes the density of flavor branes of our setup (see
subsection 3.3.1). Notice that, in this case, { can be neatly written in terms of the one-

forms of the frame basis (3.11) as:

4

3n
Q= —2—f m—lé(p—pQ) e? A |:67/\(62/\€4—63/\€5) + SN (EANE+et AP +
™ 23

+eSA (NS +eENnet) . (3.59)
Moreover, the mass distribution is just given by:

9
OAK = 2t -3 8(p — pg) Vol (M) , (3.60)

™

and the PDE equation (3.49) takes the form:

2 2 9
<z2 +3 (2)2> =3 -2+ ;T\Zf 238(p — pq) - (3.61)

ol

z
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Figure 4. Plot of z(p, o) obtained by the numerical integration of (3.61) for pg = 3 and =z =
EF8L = 0.2 (left) and o = 1 (right).

Notice that the source term in (3.61) is not singular at o = 0. Moreover, from the fourth
equation in the flavored BPS system (3.45), we get that:

2 3 g1+ g2

— 6mgsa’'nyO(p— pg) | - (3.62)
o

In order to integrate (3.61) we assume that z(p, o) is given by the unflavored solution (3.21)

for p < pg, while at p = pg the derivative of z with respect to p jumps in the form dictated

by (3.62), namely:

18mny
Ne¢

In figure 4 we have plotted the function z(p, o), resulting from the numerical integration

of the PDE (3.61), for two different values of ny. Notice the similarity with the results
obtained for the flavored system with four supersymmetries (see figure 2).

Z(pg+eoc)— 2 (pg—e0)=— z%(pQ,a) . (3.63)

3.3.1 Microscopic analysis of the smearing

The smearing form €2 is the flavor density distribution that should be obtained after
averaging over a continuous set of supersymmetric brane embeddings. For the case at
hand we have not been able to find the most general embedding of a flavor brane that
preserves all the supersymmetries of the unflavored background. However, we have been
able to find a set of such embeddings and we will argue that, after performing a suitable
average, they give rise to some of the components of the smearing density (3.59). In order
to illustrate this fact let us consider a D5-brane whose worldvolume is parametrized by
the following set of coordinates:

¢* = (2% 2, ¢,9,0,9) . (3.64)

Moreover, we will assume that the embedding of the brane in the ten-dimensional
spacetime is given by:

0=0(), 0, p = constant , pP=pQ ., (3.65)
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where 0(0) is a function to be determined and 0, @ and 1 are the three angles which
parametrize the SU(2) left-invariant one-forms w!, w? and w? (see (3.28)). By using the
kappa symmetry condition I'x ¢ = € one can easily prove that, in order to preserve the
two supersymmetries of the background, the function 6(o) must satisfy the following
differential equation:

00,60 = cotf . (3.66)

The integration of this equation yields:
O«
0= — 3.67
cos il (3.67)

with o* being a constant. Notice that in (3.67) o > |04/, i.e. |o4| is the minimal value of the
coordinate o along the brane (for which 6 = 0, 7). Notice that, for the ansatz (3.65), the
brane is embedded in the S* in such a way that the pullback of the one-forms w' and w? van-
ish, while @ = di). Therefore, the induced metric on the brane worldvolume takes the form:

§2
1+&2

d&) T . (3.68)

eq)dx%,ﬁ-ﬁ ! ! [ do”

_ {4d£2+£2d1[)2]+

m2 (1 + £2) o sin6 <d¢_

m2z3 | sin? 0
As a check of the supersymmetric nature of these embeddings one can verify that the in-
duced volume form corresponding to the metric (3.68) is equal to the pullback of the calibra-
tion form (3.20). Notice also that these embeddings determine a two-sphere inside the S*.

The configuration of the flavor brane just found has a neat interpretation when one
looks in detail at the structure of the normal bundle N3 spanned by the coordinates (o, 8, ¢).
By inspecting the metric (3.4) one realizes that N3 is a three-dimensional flat space R3
fibered over the four-cycle. Accordingly, let us introduce the following set of cartesian

coordinates for Nj:

2! = osinfcos ¢ , 22 = osinfsing , 23 = ocosh . (3.69)

In terms of these coordinates, the embeddings just found correspond to the plane:
3 _
20 = oy . (3.70)

Notice that we have found a family of configurations parametrized by the constant values of
0, ¢ and o, at p = pg. By changing 6, ¢ we select a different S? inside the S%. Moreover,

3 = constant

it is clear from (3.70) that changing o, corresponds to choosing a plane z
in N3. Let us suppose that we consider a set of branes embedded in this way that are
homogeneously distributed within the S* and N3. The resulting distribution form I" should
be proportional to the volume element of the space transverse to the branes, which is two-
dimensional within the S* and one-dimensional inside the N3. Accordingly, let us write I'
in factorized form as:

I'=0(p—pg)dp ANT1 ATy, (3.71)

with I'; and T'y being the contributions of the S* and N3 respectively. For the embed-

dings (3.65) the transverse directions inside the S* are those spanned by the one-forms w!
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and w?. By looking at the line element of S* it is easy to get the corresponding transverse
volume form, namely:
= o & At (3.72)
2m (1+4¢€%)°
The numerical coefficient included in (3.72) is just the ratio between the volume occupied
by the brane within the S* (47) and the total volume of the S* (872/3).

Let us now obtain I'y. First of all we define the function f as:
f=ocosf—o, . (3.73)

If we distribute the embeddings homogeneously in o, with constant density ns the corre-
sponding distribution is given by:

Ty = /5(f) df nydo, . (3.74)

The integral over o, can be immediately computed with the help of the J-function and the
result is:

Iy = ns[cosfdo — osinfdf] . (3.75)
Using (3.72) and (3.75) in (3.71) we get the following expression for I':

3ng €2

= ey

5(p—pg)dp Aw' Nw? A [o sinfdf — cosfdo] . (3.76)
Let us now compare this result with the one given by € in (3.42) when the functions L; and
Lo are given by (3.57). With this purpose let us consider the terms in 2 whose components
along the S* are of the form w! Aw?. By inspecting (3.42) one readily concludes that there
are only two such terms, namely:

Uoinue =~ 7 0 = o) dp A [GE'AS'ASY — do NSNS e
After using the expression of E! and of the S’s (eqs. (3.2) and (3.5)), one gets:
1o cl a3 & . 1, 2
E-NS AS |w1/\w2 = —m sin 0do A w™ A w”
1, c2 & 1y 2
do NS /\S|w1/\w2 = —m cosfdo ANw' ANw” . (3.78)

Plugging this result in (3.77) we immediately verify that, indeed, Q‘wl A2 coincides with
I' if the constant A is related to ny as in (3.58). Notice that this relation between A and
ny depends on the prescription we have adopted in (3.72) for the global constant. If we
modify this prescription nothing essential changes in our results.

The embeddings just studied can be easily generalized by changing the plane that the
branes occupy in N3. Due to the fibration of N3, in order to preserve supersymmetry,
the change of the plane should be accompanied by the change of the S? that the branes

1

wrap inside the S%. For example one could consider the plane z! = constant and embed
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the branes along the S? with w? = w? = 0. By repeating the previous calculation one
can verify that the distribution form coincides with the components along w? A w? of Q.
Similarly, placing the brane at z? = constant and w!' = w? = 0 reproduces the components
of  along w! Aw?. Actually, one can consider a generic plane in N3 and, after performing
an average over all its possible directions as in the approach of [28], one can see that the
components of € along w’ A w/ are obtained. Presumably, all the contributions to € are
obtained as the result of the homogeneous smearing of a more general class of embeddings,
a calculation that we will not attempt to do here. Notice also that, in our calculation we
are distributing the branes in a non-compact space (the transverse directions to the plane
in N3) which, as we argued, seems to give rise to the smearing form with the special values
of L1 and Lg of (3.57). It seems reasonable to think that the general © could be obtained
by a different (non-homogeneous) distribution. If this is the case, the density (3.59) could
be regarded as describing the distribution of branes in a region where they homogeneously
fill the p = pq slice of the ten-dimensional space-time.

4 Conclusions

In this paper we have found solutions of type IIB supergravity which correspond to D5-
branes wrapped along a four-cycle and which preserve four and two supersymmetries. After
adopting an ansatz for the metric and three form, we found a system of BPS equations which
are obtained by requiring the vanishing of the supersymmetric variations of the dilatino and
gravitino. In our ansatz the different functions depend on the two variables p and ¢ and, as a
consequence, the resulting BPS system involves partial derivatives and it is difficult to solve.

Quite remarkably, it turns out that an analytic solution can be found by using seven-
dimensional gauged supergravity. Indeed, in seven dimensions the solution is simpler
since it involves functions that depend on one radial variable. Upon uplifting to ten
dimensions the expressions of the metric and RR three-form become rather complicated,
with coordinates which are non-trivially fibered due to the topological twist needed to
realize the supersymmetry. However, by introducing the new coordinates p and o the form
of the solutions simplifies greatly and their interpretation in terms of branes wrapping
a cycle in a non-trivial manifold becomes more transparent. Actually, this form of the
uplifted metric inspired our ten-dimensional anséitze.

We have argued that, if the integration constants are chosen appropriately, our wrapped
brane solutions are dual to a slice of the Coulomb branch of SYM with N' = (2,2) or
N = (1,1) supersymmetry. Moreover, we have studied the deformation induced by the
addition of unquenched flavor in the limit in which Ny is large and N./N; remains finite.
In this case it is justified to consider a continuous distribution of flavor branes smeared
over their transverse angular directions. This brane distribution induces a violation of the
Bianchi identity of the RR three-form, which can be accounted for by modifying the ansatz
of F3. This modification of F3 changes the BPS equations in such a way that they imply
the equations of motion with extended sources.

In our study of the N' = (1,1) case with flavor we have developed a formalism which
does not require the precise knowledge of the family of flavor brane embeddings that make
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up the smeared distribution. Clearly, this formalism could be used in other backgrounds,
such as the one in [11, 12] (see [34] for an attempt to add backreacting flavor to this case).
Moreover, this approach could also be useful to study the unquenched background in the
Higgs branch of the setups analyzed in refs. [23, 30, 31].

We have studied some implications of our gravity solutions in the dual gauge theories.
However, notice that this study is limited, among other things, by the bad UV behavior
of the background, a problem that is common to all gravity solutions corresponding to
D5-branes. The situation would clearly improve if one considers, instead, duals of two-
dimensional gauge theories constructed from D3-branes wrapped on a two-cycle. The cor-
responding background with eight supersymmetries was obtained and analyzed in ref. [30].
The solution with four supersymmetries can be obtained by wrapping the D3-branes along
a two-cycle of a Calabi-Yau threefold [3].

Another interesting problem for future work would be trying to find a supergravity
solution dual to a two-dimensional gauge theory with just one supersymmetry. This
background would be the two-dimensional analogue of the one of refs. [4, 5] for d = 4
or that of refs. [8-10] for d = 3. The natural setup that would lead to a supergravity
solution of this sort would be a configuration of D5-branes wrapping a Cayley four-cycle
of a manifold of Spin(7) holonomy.

The understanding of the deformation introduced by backreacting flavor to the gravity
solutions is a very important step in order to approach the gauge/gravity correspondence
to phenomenology. Two-dimensional field theories have been always considered as a good
theoretical laboratory where one can develop and test new techniques which could eventu-
ally shed light on the study of realistic four-dimensional theories. We hope that this will
be also the case for the formalism developed here.
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A Wrapped D5-branes from gauged supergravity

We shall begin by writing the bosonic part of the lagrangian of the SO(4) gauged super-
gravity [14, 15] where we will be looking for SUSY configurations. The field content of this
theory includes the seven-dimensional metric g,,, a gauge field AY in the adjoint repre-
sentation of SO(4) (the corresponding field strength will be denoted by F¥) and ten scalar
fields arranged in a symmetric 4 x 4 matrix V;; (in the following we will not distinguish
between upper and lower latin indices). From [14, 15], one can read the lagrangian for
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these bosonic fields:

1 m?

L=1\=g|R— PP~ PuPl— 5 Vit Vi Fi? + - (T? - 213, Ty) |, (A1)

where the kinetic term for the scalars P, can be read from:

—1 —1 4kl
Ve Ou Vi +2m Vi AP Vij = Py i) + Quiig » (A.2)
while T;; is constructed as:
—11,—1

ii = Vi ij ) (A.3)

and T = Tijéij . The covariant derivative acting on the spinors takes the form:
1 ij 1 ab
DM’[/} = 8“ + ZQM FU + Z W Yab ’l/} . (A4)
The SUSY variations can be written as:
4

~ 1
5¢MZ[DM_Z’YM'YVW;1(9VV + F”F” ] =0,

1 |
5 <r’f )\k) = [% (Tkj - BT%) e+ WP“ ISR

1 » 1 .\ ...
—1—1—6’)/“" (Fkrwfk — gI’”> F;{,] €, (nosumink), (A.5)
where we have defined:
B = Vi Vi B (A6)

In order to obtain a ten-dimensional solution corresponding to an NS5-brane one must
perform the uplift developed in [16]*. Let us first write the expression for the uplifted
metric and the dilaton in string frame:

e® = A2y ,
1 o
ds? = Y3 [ds% +— ATVTS D Dy | (A.8)
where the p? (i = 1,. .. 4) are coordinates of the external S3 that must satisfy the constraint:

4
S =1 (A.9)

i=1

In eq. (A.8) the quantities A and Y are given by:

A=Tyu'p, Y =det(Ty), (A.10)

4 In order to match the formulas there we apply the following identifications:
A =924" g=m, (A7)

where A is the one-form gauge field of [16] and g is the coupling constant there.
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and the gauge-covariant exterior derivative D is defined as:
Dyt = dyi 4+ 2m A7 1, DTy = dTy; +2m (A* Ty + AT T, ) (A.11)
The corresponding NSNS three-form Hjs of the ten-dimensional supergravity is given by:

H3 = 66i1i2i3i4 |:7/n72le72DILLZ1 N DILLZ2 A\ DILLZSILLl4 —

—3m 2AT2Dp" A Dp® A DﬂsziM,uj,uk — 3m*1A71F(i21)i2 ADpET i |, (A12)

where U is defined as:

U=2TyTjrp' 1/ — ATy . (A.13)

Finally, in order to get a solution corresponding to a D5-brane one has to perform an S-
duality which, for the type of backgrounds we are considering corresponds to just flipping
the sign of the dilaton, & — —®, and relabeling the NSNS three-form Hjz as the RR
three-form F3, while the Einstein frame metric is not changed.

A.1 Branes wrapping 52 x 52

Let us consider the following ansatz for the seven-dimensional metric:
2 2 2 2 eI 2 2 2 2 2 2
ds2 = e/ (dzf ) + dr?) + p (d67 + sin® 01 doi + ds + sin® O3 de3) | (A.14)

where f and g are functions of the radial coordinate r. In order to implement the topological
twist in our setup, we will adopt the following ansatz for the one-form gauge field:

1
A2 = - (cos 6y dpy + cos by dps) (A.15)

while we will assume that the matrix V;; can be represented in terms of the scalar fields
A= A(r) and z = z(r) as:
Vi _ (e2,e3,e72,e72). (A.16)

Then, from the definition (A.3) we get that Tj; is:

A
4

Tz‘j = Vzﬁl Vk;1 — e (67:’3, e, ", e:):) ) (A.l?)

Finally, P, ;; and Q,, ;; take the form:

!/ /

A
PN ij — 6}”" g(l,l, 1?1) + %(1,15 _15 _1) )

Quij = 2m A (A.18)

In (A.18) the prime denotes derivative with respect to the radial coordinate .
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A.1.1 SUSY variations

Let us now impose that our ansatz corresponds to a supersymmetric solution, which is
equivalent to demanding that the right-hand side of the supersymmetry variations (A.5)
vanish for some Killing spinors satisfying certain projections. These projections are:

V0161 € = Vo290 € = T12€, Yr€=¢, (A.19)

where 7y, 74, and ~, are constant Dirac matrices along the corresponding frame directions
of the seven-dimensional metric (A.14). By analyzing the vanishing of the supersymmetric
variations one readily proves that one can take:

A= 4f . (A.20)

Moreover, if we define h as:

h=g-1, (A.21)
one arrives, after some algebra, at the following system of first-order differential equations:

B+ m e~ 2hta _

2 )
' — 2msinhz — me 2" = 0,
2
I+ ?m coshz — % e Mte — 0, (A.22)

where, as before, the prime denotes derivative with respect to r. Let us now define a new
radial variable z as:

z = et (A.23)

From the first equation in (A.22), one gets that the two radial variables r and z are related
as:

dz=—me"dr. (A.24)

Moreover, if the dot denotes derivatives with respect to z, one arrives at the following
BPS system:

1
i—e 414 - =0,
z
11

|

The first equation in (A.25) can easily be integrated yielding:

2 _ 1—2242224ce 2
222 ’

(A.26)

with ¢ being an integration constant. Notice that €2 is just the function that was defined
in section 2.1 (see eq. (2.21)). Moreover, from the second equation in (A.25) one gets:

1

2 22\ 2

o5 — 27 pul(z) — 22 (1—22+22z2 +ce 2>2 . (A.27)
z
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A.1.2 Uplift to ten dimensions

Let us now write the metric in ten dimensions by using the uplifting formula (A.8). With
this purpose let us first parametrize the coordinates i’ (i = 1,...,4) that span the external
S3. They must satisfy the constraint written in (A.9), which can be solved as:

pt = cos 6 cos pr , u? = cosOsin ¢ ,

13 = sin 6 cos ¢s , pt = sinfsin ¢, (A.28)

where 0 < 0 <7/2,0< (]31,2 < 27 . Let us write the ten-dimensional metric in these
angular coordinates for the D5-brane in the string frame. In order to find this result, we
will have to rewrite the metric (A.8) in the Einstein frame and then we must apply an
S-duality transformation. After this process, the final result for the string frame metric is:

2

e z . . 1 -
ds® = ® [d:gil +—s d=? + — (d67 + sin® 01 g3 + db3 + sin? 02 dg3) + — do* +

xT —X

+ € _ cos?f (dq@l — cos B1d¢py — cos 92d¢2>2 + ¢ sin? 6 d¢3 (A.29)
m2y m2Y 2

with the quantity ¥ being given by:
Y =e"" cos? + e sin?6. (A.30)
In (A.29) @ is the dilaton of the D5-brane solution, whose explicit solution is:
2 = 2Ty = % ((:0529~ + 2% gin? é) . (A.31)

Similarly, by using the uplifting formula (A.12) for the three-form, we can write the corre-
sponding RR field strength, namely:

2sinfcosf ; ~ . - -
F3; = _ZSmI oSy (d@ +sinf@cosf & dz) A (d¢1 — cos 61 dp1 — cos Oy dgbg) A dpy —
m2 Y2
e sin? ~
—7m2 S (Sin 01 do, N d¢1 + sin 0 dfs N dgbg) A dng . (A32)

In order to match the ten-dimensional ansatz (2.1), let us introduce two new radial variables
p and o, defined as:
p = sinfe” | o = zcosfertT (A.33)

It is now straightforward to verify that the metric (A.29) can be written in the form (2.1) if
we identify the angles (¢, ¢2) of the gauged supergravity approach with the (¢, x) variables
used in the ten-dimensional analysis of section 2 by means of the relation:

¢1 = 2m — 1), ¢ = 2m—x . (A.34)

Notice also that the implicit solution (2.22) is obtained from the definition (A.33) just by
using that sin? @ + cos?# = 1. Moreover, the dilaton ® written in (A.31) reduces to the
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Figure 5. On the left we plot €2*, as given by (A.26), for the three ranges of c. On the right we
represent the corresponding values of e2® for § = 7/2 and different values of c.

one in (2.23) once it is expressed in the new coordinates. One can also check that F3, as
given by (A.32), can be written as in (2.6), with the function g being identified with:

e® sin% 0 2% sin? §
m?g = = 37 (A.35)
by cos? 0 + e2* sin“ 0

After using the change of variables (A.33), the expression of g written in (A.35) becomes
the one displayed in (2.23).

The behavior and interpretation of the solution changes significantly with the value of
the integration constant cin (A.26) (see figure 5). On the one hand, ¢* tends to one at z —
oo for any ¢, while for z — 0, €2* diverges for ¢ > —1 and vanishes for ¢ = —1. In contrast,
when ¢ < —1, €%* vanishes at some finite value zg > 0 and becomes negative for z < z5. We
would like to argue, following closely a similar analysis in ref. [6], that this last ¢ < —1 case
is the one that has a cleaner physical interpretation. With this purpose, let us look at the
form of the dilaton (A.31) for § = /2. As shown in figure 5, the dilaton either diverges or
vanishes at some some value of z, making the ten-dimensional metric (A.29) singular at that
point (see also (2.1)). According to the criteria of ref. [3] a singularity is “good” if the norm
of the time-like Killing vector field in the Einstein frame is decreasing as one approaches the
singularity. This norm is given by the G4 component of the Einstein frame metric, which in
our case is simply e®/2. Looking at the behavior of the dilaton in figure 5 we immediately
conclude that the singularity is good only for ¢ < —1, as claimed in the main text.

A.1.3 UV and IR limits

Let us now discuss in detail the behavior of the solution in the UV and IR regions. The
UV limit of the metric and dilaton is obtained by taking z — oco. In this limit one readily
verifies that e?*, 3 — 1 and, therefore, the metric (A.29) and the dilaton (A.31) become:

z . . dz?
ds* ~ €® [dmil + ) (d@% + sin? 01 dp? + db3 + sin’ 0, dgb%) + pons3 +
1 52 <25 172 25 (17 2
+W [ df* + sin” 0 d¢s + cos” 0 <d¢1 — cos 61d¢y — cos 92d¢2> } ,
2~ ¥, (A.36)
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This form of the metric and dilaton do indeed correspond to a stack of D5-branes with
worldvolume R x §? x §2, with the appropriate twisting.

Let us next consider the IR limit. As explained in the previous subsection, the IR
behavior of the solution strongly depends on the value of the integration constant ¢. From
now on we will concentrate on the case ¢ < —1. In this case the space ends at z = z,

where z is such that ¢2%(*) vanishes and is given by the solution of the equation:
1
€2 = —=[1 — 2z +223] . (A.37)
c
Near z = z; the function e2*(*) can be expanded as:

¥ ~2(z — 2) . (A.38)

Notice that, in the plane of the ten-dimensional coordinates (p,0), z = zp is not a point
but rather the line (¢ = 0,0 < p < €*), parametrized by the angle 8 (see (A.33)). The
dilaton becomes singular for z = z; and § = 5. Let us expand the solution near this point.
For this purpose we introduce new coordinates (¢, ), defined as:

V2(z — z9) = +/ sin <%> , g — 0 = \/C cos (%) . (A.39)
Notice that in these coordinates the singularity is just located at ( = 0. One can check
that, at first order in (:

V¢

in(3)

Using this result one can readily verify that, near the singularity, the metric and dilaton

Y &

(A.40)

can be written as:
ds? ~ ¢® [dw% |+ =2 (d6? + sin® Oy dg? + dO3 + sin® 6 dg3) +
T m
1
4m?2¢
2~ ¥ (A.A41)

_l’_

[dCQ + dy? + ¢ sin® <d<51 — cos i dgy — cos 92d¢2>2 + d(@}] )

which is precisely the form of the metric and dilaton for a stack of D5-branes located at
¢ =0 (or z =z, § = 7/2) and smeared on a circle along the ¢, direction (notice that the
space transverse to the branes is (fibered) R? x S' and 1/¢ is a harmonic function in this
space). This result implies that our solutions can be interpreted as the gravity duals of a
particular slice of the Coulomb branch of the N = (2,2) SYM theory, namely the one that
is generated when the wrapped D5-branes are moved along an angular direction which is
transverse both to the C'Y3 and the D5-brane worldvolume.

A.2 Fivebranes wrapping a co-associative four-cycle

Let us now try to find a solution of SO(4) seven-dimensional gauged supergravity cor-
responding to a fivebrane wrapping a co-associative four-cycle as described in [38]. The
ansatz for the 7d metric is:

2g
ds® = ¢ (da? | + dr®) + % 032 (A.42)
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where dQ? is the metric of a four-sphere, which was defined in (3.1) in terms of the SU(2)
left-invariant one-forms w’ and the coordinate £. We shall then consider the following
one-form frame:

et — of dgt r—efd 12 d

e e’ dx” | e e’ ar, e m 1+ e £,
i & ;= A4
m1+£2w, (1=1,2,3). (A.43)

Following [38], in order to implement the topological twist, we shall take the one-form
gauge field to be proportional to the anti-self dual part of the spin connection along the
four-sphere, namely:

1 & I I
A12:_ 5 w17 A13:__ 5 w27 A23:__ 5 3 (A44)
2m 1+ &2 2m 1+ &2 2m 1+ &2
Moreover, we will take the following ansatz for the scalars:
Vij = es (e%,e%,e%,efgx), (A.45)

where A and x are fields that depend only on the radial coordinate r. Hence, Tj; is given by:

j’j];j _ ‘/Zzl Vk;1 — 67% (671,67326717631), (A46)
whereas P, ;; and @, ;; take the form:
)\l x/ ..
Puij :(5“7» §(1,1,1,1)+5(1,1,1,—3) R Qﬂij :QmAL], (A47)

where the prime denotes derivative with respect to r.

A.2.1 BPS equations

The SUSY variations will result in a system of first-order differential equations upon im-
posing the following set of four independent projections:

Yiga€ =€, ~vyiee=1I23€e, mze=1I31€, Ye=c¢, (A.48)

where the indices of the 7’s refer to the frame (A.43). From the analysis of the supersym-
metry variations of the gravitino and dilatino one readily concludes that, also in this case,
one can take A = 4f. The system of first-order differential equations one arrives at is:

3
g 20 o2t 0,

2
x + % (e_x — egx) —me 2T =0,
3
Flt 2 (3 4 37) = 2 g2t — g (A.49)
10 5
where, as in (A.21), we have defined h = g— f. After defining a new radial variable z = 2",
one gets:
C + L h2x + ! 0
Z+ —sinh2x + — =
3 3z ’
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. 1 1
f-5 (3¢72* + ™) + = =0 (A.50)

with the dot denoting derivative with respect to z. Moreover, it follows from the first
equation in (A.49) that the two radial variables z and r are related as:

dz = —3me"dr. (A.51)

It turns out that the system (A.50) can be solved analytically in terms of Bessel
functions. First, for 2(z) one gets the following family of solutions:

%) +CI% (%)

I (
G+l 1 (G)

2x —
e =
1

(A.52)

where ¢ is an integration constant. Note that x(z) is just the function defined in (3.22).
Then, plugging this solution into the second equation in (A.50) it yields:

L
f_ f) <f))3 il NP
e [(I_z <3 +ely (2)) (LG el (2)) 5] (A.53)
where ¢ is the same real constant as in (A.52).

A.2.2 Ten-dimensional solution

Let us now uplift the solution just found to ten-dimensions. In this case it is more useful
to use the following parametrization of the u'’s:

pl = sine sinf cos b, p? =sine sinf sin ¢,
pd = sine cosf, pt=cost, (A.54)

with 0 < 6,9 < 7, and 0 < ¢ < 27. Using these coordinates, the quantities ¥ and A
defined in (A.10) take the form:

Y =, A=eto, (A.55)

where © is defined as:
O = e ¥ sin® ¢ + e** cos? 1. (A.56)

Let us now write the complete ten-dimensional solution for a D5-brane. After applying
an S-duality transformation to the result obtained from (A.8), we get that the dilaton is
given by:

2t = St g (A.57)

while the string frame metric becomes:

—2z —2

T a2
d22—|—%d9421 + < - dy® + sin_y

m20

e

ds® = e?® dacil +— [(E1)2 + (E2)2] , (A.58)

9m m

where E' and E? are the one-forms defined in (3.2). The calculation of the RR three-form
F5 from (A.12) is straightforward but rather tedious. The final result can be compactly
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written in terms of the two-form potential Cy (see (3.7)), which can be recast in terms of

two functions g; and g2 as in (3.8). The value of these functions is rather simple, namely:

91:%(W621_w>7 92:%- (A.59)

m
In order to make contact with the ten-dimensional approach of section 3, let us now
define the new set of variables:

§f_3x

o = zsexfts sin) | p =e2l 72 cosy . (A.60)

In terms of the dilaton ®, the above relations can be written as:

A = sy (A61)
o= sin = cos ) .
NG P8
where we have taken into account the relation (A.57). By using (see (A.50)):
5. & e 2 5. 3@ 1,
2 g - = —f - = e A.62
o/ Ty Ty T ol T T3 (A.62)
one can prove straightforwardly that:
e? are
do = % z3 { siny dz + cos¢d1/)] ,
e® 1 cos
dp = — dz — singpe > dy | . A.63
p @[ S5 dz — sinpe 7 dy | (A.63)
The inverse of this relation is:
g (357% singdo + 3¢* cospdp)
2 = — (3273 sine¢do e’ cos ,
Ve ’
eicp _2 9 .
dyp = ﬁ <z 3 e“* cospdo — sm¢dp> . (A.64)

It is now immediate to verify that the metric (A.58) can be written as in our ten-
dimensional ansatz (3.4). Moreover, the gauged supergravity analysis provides a particular
highly non-trivial solution of the BPS system (3.15). In order to write this solution entirely
in terms of the ten-dimensional variables p and o, let us notice that, after using (A.52)

and (A.53), we get:
(g) +el (g)( . (A.65)

Is <§> +els (%) ( e % =
z z
HORESIY

Thus, we can rewrite (A.60) as:
z z
SO0
After eliminating the angle ¢ in (A.66), we get the implicit solution written in (3.21) of
the PDE (3.19). Moreover, one can check that, when expressed in terms of the variables

5 x 1
exl T3 = 5%

5
6

1
o=z siny, p= zs

costy . (A.66)
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Figure 6. On the left we plot e2* for three ranges of the constant ¢ in (A.52). The plots on the
right represent e2®, taken from (A.57), for 1) = 0.

p and o, the dilaton ® and the functions ¢g; and go written in eqgs. (A.57) and (A.59)
coincide with the ones of (3.23) and (3.25).

Let us now study the behavior of the solution for the different values of the integration
constant ¢ of eqs. (A.52) and (A.53). The different behaviors of the function e** are plotted
in figure 6 for three ranges of c. When ¢ > 0 e?* diverges at z = 0. On the contrary if —1 <
¢ < 0 the function e?* diverges at some point %, such that Ié(%‘)) + cIfé(%O) = 0, which
marks the end of the space. The solution is not well-defined for ¢ = —1 since in this case e?*
is negative for z > 0. Finally, when ¢ < —1 €?* vanishes at z = zg, where 2y has been defined
in (3.26). The behavior of the dilaton for the three ranges of ¢ is also displayed in figure 6.
From this figure we conclude that only when ¢ < —1 the ¢t component of the Einstein frame

metric, namely e®/2

, decreases when we approach the singularity and, thus, only in this
¢ < —1 case is the singularity good. Actually, z = zy defines a line of singularities. This
fact can be checked by analyzing the form of the dilaton around z = zy. Indeed, by using

the properties of the modified Bessel functions one can verify that, for z close to zp, one has:

1
eQ”C%g(z—zo),
Ig<§>+012<§> ~ %(z—zo),
32
3
5f ., 207 2
e~ 2— (2 —2)2 , A.67

where « is a constant (depending on zy and ¢) defined as:

I (Zgo) +el s (?) . (A.68)

Using this result in (A.57) one arrives at the following expression of ¢?® for z — z:

y

2
20 o 207 (z — 20) [Sinzﬂ) + % COSQ¢} ) (A.69)
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which shows that e*® — 0 for any value of 1 in the interval [0, 7]. Notice that, in terms of
the variables o and p of (A.66), the singularities lie in the segment o = 0, |p| < p., where
pe has been defined in (3.27), as claimed at the end of subsection 3.1.

A.2.3 UV and IR limits

We will now discuss the UV and IR limits of the solution found, following the analysis of
ref. [12]. First of all, we consider the UV limit of the metric, by taking z — co. In order
to take this limit in our solution it is quite useful to recall the asymptotic behavior of the
modified Bessel functions, namely:

z 3 e3

It follows from this behavior that e?* — 1 and € — 1 in the large z limit. Therefore, in
the UV the metric and dilaton take the form:

ds? ~ ¢® [d-’ﬂ%l + #d@i -+ % [%dzz + dy* + sin® [(E1)2 + (E2)2]]] )

c»:|'g,>

2P €

3
— ATl
2m (A.71)

s
Wi

which, indeed, corresponds to a stack of D5-branes with worldvolume R x S4,

Let us next explore the IR behavior of our background. We will concentrate on the
case in which ¢ < —1, which is singular at a point z = zg, with 2y being defined in (3.26).
In order to study the limiting form of the metric and dilaton near the singularity we have
to expand all functions around z = 2 as in (A.67). If we define a new radial variable y as:

y= % (z — 20) , (A.72)

then, the metric and dilaton take the form (for ¢ # 0, 7):

ds?

%

Z 2 2
e® | da, + ;‘;dﬁi T [dyQ + 2 [(BY + (B2)°] + d?/JQ]] ’

1
e 2~ 228y sin®y . (A.73)

This form of the metric indicates that the singularity is generated by a distribution of branes
parametrized by the the coordinate 1. As 0 < v < x this distribution has the topology of
a segment and can be regarded as a linear distribution of branes which is dual to a slice of
the Coulomb branch of the N' = (1,1) SYM. In order to confirm this interpretation, let us
analyze, following ref. [12], the solution near ¢» = 0. With this purpose we introduce new

" (3)
sin ( —
2
«@

o (3)

coordinates r and «, defined as:

(z —20) =

W =

\/,,7
\/,,7

)

(A.74)



In these variables, for small ¢, one can check that O, as defined in (A.56) is given by:

O ~ vr . (A.75)

sin (%)

Then, one can check that metric and dilaton are:

ds® ~ ¢® | dz?, + 2L d0?
S e[xLl—l—mQ 1t

1

m [er + 72 <da2 + sin? « [(El)2 + (E2)2]>]] ,

_2® 9 + 5 «
e A~ Y7 z5 r2 sin 5 ) (A.76)
which, as argued in [12], is consistent with the interpretation of the solution given above
since 1/7“% sin (%) is a harmonic function in R*.

B Additional fivebrane solutions

In this appendix we will show that there exist solutions of the unflavored BPS systems (2.11)
and (3.15) that are different from the ones obtained in gauged supergravity. We will find
these solutions directly by adopting an ansatz in which the two ten-dimensional variables
p and o are separated. We will consider first the BPS system for the background with
four supersymmetries and, subsequently, we will attack the system of BPS equations cor-
responding to the preservation of two SUSYs.

B.1 Backgrounds with four supersymmetries

Let us try to solve the BPS system (2.11) by means of the ansatz:

g = glo), ®=®(p) , (B.1)

Notice that the third equation in (2.11) is automatically solved by the ansatz. As the last
equation is a consequence of the other three equations, we only need to solve the first two
equations in (2.11). By integrating the second equation in (2.11) over o, we get:

3 302

B =S (), (B2)

where f(p) is an unknown function to be determined. Moreover, by integrating the first
equation in (2.11) we get:
2 = B(0) + m?g(0) log(p) . (B.3)

where B(0) is a function to be determined. By combining these last two equations, we get:

302

7o 4 f(p) = (Blo) + m?g(0) loa(n) ) - (B.4)
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By comparing the o dependence of both sides of (B.4) one concludes straightforwardly that

the four functions B3(c), B?(0)g(c), B(c)g?*(o) and ¢3(¢) must be polynomials in o of

second degree. This, in turn, is only possible if B(o) and g(o) are proportional to each
(B.5)

Bg(O') = b20'2 + b10' + bo,

other. Let us write:
m*g(o) = kB(0) ,
where k, by, by and by are constants. Actually, the absence of linear terms in ¢ on the
left-hand-side of (B.4) implies that b; = 0. Thus, we write:
. (B.6)

B(o) = (byo? + by)3

By using this expression of B(o) in (B.4) one easily gets the form of the dilaton ® and the
5 (B.7)

bo (1 + xlog(p))

1

integration function f, namely:
3
3 flp) =

e2®(p) — 2
2b2 (1 + & log(p))
The corresponding expressions for z and g are:
1 K 1
z:(b202—|—b0)3(1+/@10g()), g:—2(b202—|—b0)3. (B.8)
Let us now change from the radial variable o to a new one r, defined as:
6 3 1
2 / 2
= —4/=— (b by )? B.9
r m2 2b2 ( 207 + 0) t ( )
(B.10)

and let us introduce a new mass parameter p, which has the form:
3 9

2 _ [ S
H 2y

Then, after rescaling the Minkowski coordinates in the appropriate way and by redefining

the p coordinate as p/u — p, the metric takes the form:
dri; 3

+ (1 + s log(up))> (d,o2 + ,02dx2) +

(B.11)

)

ds* = 5
(1 + & log(up) )

_1
+ (1 + w log(up)) 2 dsg ,
where ds% is the metric of the conifold with a blown up four-cycle (the regularized conifold):
dr?

- 56

2
(B.12)

2 r

dsj = (daf + sin?6; dp? + d62 + sin? s d¢§) +

2 6 2
+r_ <1 - ZJ—6> (d’l/) + cos01d¢; + cos Hgdgbg) ,

9
(B.13)

with the constant a being:
(
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Notice that the variables r and p in (B.11) and (B.12) are dimensionful. Moreover, the

dilaton and g are given by:

2 1 2 .2
ecp:'u—z T g:m'u—QE. (B.14)
(1 + k log(up) ) "
The RR field strength F3 that corresponds to the function g written above is:
u? 2
Fy; = & — |:€ <sin91d01 Adpp + sin 02dbs N dgbg) +
m
—i—g <dw + cosf1d¢ + cos nggbg) A dr} Adx . (B.15)

Let us rewrite this expression for F3 in a more compact form. With this purpose, let us
introduce the following vielbein basis for the conifold metric:

” T
El _ _d@ ’ E2 = — SIDH d 5
i 7 1do1
. %dg% B = % sin 05,
6\ 3
B — g<1 — %) <dzp + cos 01d¢y + cos 92d¢2>,
6 L. (B.16)

1
ab ) 2
(1-4)
In terms of this basis the Kahler form of the conifold takes the form:
J=FE'ANE?> 4+ E*ANE* + E° AES | (B.17)

and the RR three form Fj is just given by:
2

Fy = ks T ndy . (B.18)
m
B.2 Backgrounds with two supersymmetries

In this subsection we want to obtain new solutions of the first-order BPS system (3.15),
different from the one we got from gauged supergravity. We have been able to find two
different ansétze to solve this system that we detail in the next two subsections.

B.2.1 First ansatz
As a first possibility for getting new solutions of the BPS system (3.15), let us adopt the

following ansatz for z, g1 2 and ®:

s=20),  al) = e, ©=30). (B.19)

Notice that 27, 4" and 5" equations in (3.15) are automatically solved by the ansatz.

Moreover, the 6 equation in (3.15), namely:

gp = — Zg e ?? (B.20)
mzs3
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is such that the left-hand side only depends on p, whereas the right-hand side depends of
0. Separating variables, we get:

2
g =c1, ce?® = —mPc; 25 | (B.21)
where ¢y is a constant. The equation for go can be immediately integrated, namely:

g2 = c1+ cop (B.22)

where ¢ is a new constant. Furthermore, using the third equation in the BPS system (3.15)
we can obtain the following equation for z(o):

232 = —3me; | (B.23)

which can also be readily integrated. It is also easy to get the expression of the dilaton.
Let us write this solution in terms of new constants \; 23 defined as A\ = —5m201,2 and
A3 = beg. Then, one has:

n=-9= ¢ (Aip+A2),
3 2
Z:[)\g—i-)\lo']g , e?® = i—a[)\g—i-)\lo']ig (B.24)
1
It is now convenient to define the function H (o) as:
A 1
H(O‘) = 5—01_ [)\3 + )\10’] 5 (B25)

Then, z and ® can be rewritten as:

3
50\ 2 3 -1
;= (A—“> [H(U)] , e® = [H(a)] , (B.26)
1
and the metric takes the form:

3
1 [50\2
dsiy = H 'dai, + — (T?) H?d0?% +

2
+% (;—;) H? [dcr2 + 0 ((B') + (EQ)Q)] - %(dp)Q . (B27)

Notice that, by plugging the solution for g; and go into the expression (3.10) of F3, we get:

F3:%[EIAE2—55/\S3—31/\52]/\61/)- (B.28)
m

Let us now rewrite this solution by means of a change of the radial variable: we will change

from o to a new variable r, related to the former as:

_ 25
3

3

A3 10
1+ — . B.2
< + Am) (B.29)

Bles

3
T Ao
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Moreover, instead of the constant A3, we will use the constant [, defined as:

2
| = ngo . (B.30)

From these definitions one can check that:

10

5 Az )\ F dr 3 A3\ ldo
11— =14+ = A = B.31
£ ( +)\10> ’ T 10( +)\10> o (B-31)

r3

Moreover, after a convenient rescaling of the Minkowski coordinates, the metric and dilaton

take the form:

I3 9
ds?y = * | da? | + (1 — —fo > (dr)? + —r*dQf +
’ rs 20
9 l1_30 72]6
2 1,2 212
B2 R [ E E } € (dp)?,
ragr” (1= 5 ) [+ ] |+ S @)’
e = mteth (B.32)
where k is defined as:
10 1
3 3 \2
2k
= — 1 - — . B.33
¢ 2)\1m2 " ( 741_30 > ( )

In order to identify this background let us perform a T-duality transformation along the
coordinate p (shifting p is an isometry of the background (B.32)). According to the T-
duality rules in [45], one should perform the changes:

1 2P

20 e
Gop — — » e — — . (B.34)
o 9pp 9pp

Also the RR three-form Fj is converted into an RR two-form F,. The resulting type ITA

background is:

10 -1
3
ds%o = g2k dx172 + (1 — —10> (dr)2 + r? d0?
r3
9 15
o2 {ElQ E22}
2\ 3 10 3
e = mB et = sms 7 (1—%>2,
2>\1 rs
JoR—" [ElAEQ 55A53—31A32]. (B.35)
5m?2

This solution corresponds to a D6-brane wrapped along a four-cycle of a Ga-cone, which

is an analogue in the type IIA theory of the solution found in [8]-[10].
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B.2.2 Second ansatz

As a second ansatz, let us now try to find solutions of (3.15) in which the functions ¢g; and
go are proportional to each other. Let us write g1 = ags, with « being a constant and let
us separate variables as:

g1 =ags = aR(p)S(o) , z = z1(p) 22(0) . (B.36)

From the 5% equation in the BPS system (3.15), we get that S(o) satisfies the equation:

S 14+«
which can be immediately integrated as:
S(o) = cyotte . (B.38)

By substituting the ansatz in the 4™ equation of (3.15), using the result just found for
S(o) and separating variables, we arrive at:

1

1
- 31+ a)m?c10%z2, * = ¢, (B.39)

R
z

—_~

= win

where g is a new constant. From this equation we can immediately get zo(o), namely:

Zy = Mr o3 (B.40)
C2
as well as an equation for z;(p) and R(p), namely:
zfg 2 =eR. (B.41)
Let us now combine the 3' and 6 equations in (3.15) to give:
s _smt (B.42)

25
Using the results just found for z9(0) and S(o) (egs. (B.40) and (B.38)) and separating

variables we get:
5

z{ m2c; o?te
=T 5 =03, (B.43)
R [0 3

&)

where c3 is a new constant. The consistency of the o-dependent part of equation (B.43)
with (B.40) fixes the value of o and relates the constant ¢z with the other constants ¢; and
c2, namely:

! 2m> 22 \° (B.44)
o = — Cg = —zIn C . .
2 3 Y\ 9m2q

On the other hand, the p-dependent part of (B.43), gives rise to the following relation

between z; and R:
5

zi = 3R (B.45)
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By combining (B.41) and (B.45) one can get z1(p) in terms of R(p), namely:

21(p) = Veres R(p)® + e, (B.46)

with ¢4 being a new constant of integration. Moreover, R(p) can be obtained as the solution
of the equation:

1 5
R'(p) = - {02 esR(p)? + ex | . (B.47)
3
In order to rewrite this solution, let us define new constants A and k as:
9m2e,
M= - = B.48
X K 20 ( )
The constants c; 23 can be written in terms of A and & as:
A3 3. 5 2\
Clzwli 5 62:§>\Ii 5 63:—3?. (B49)

In terms of these new constants x and A, the different functions of the ansatz take the
form:

1

z = K3 [04—)\2]%2(;))}50% ,
1 K3\ 3
g1 = 592 = WR(P)UQ )
7 7
e 2 = % [64 — )\ R(p)Q} ‘o2, (B.50)
with R(p) satisfying:
31%.2 5
AR(p) = = [04 2 RQ(,O)} o (B.51)

In order to write the background obtained in a more convenient way, let us change from
the p coordinate to a new coordinate r, defined as:
R
r = Rlp) . (B.52)
(N
Moreover, we will redefine again the integration constants and we will introduce new con-
stants a and b, which are related to A, x and ¢4 as follows:

=

1
a= = b=k2cy®. (B.53)

One can check that z, g1, g2 and the dilaton ® can be written in terms of the new variables
and constants as:

2
1 b6 3
= —gy = ro
o 292~ 6m2a ’
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[

b a

7
V2 2]
e® = [1——2] o1, (B.54)
while, from (B.51), we find that the jacobian of the change p — r is given by:

dp _ 2 [1_71‘?

= —— — B.55
dr 3abt a? ( )

Using these results, we can readily get the form of the metric in the new variables, namely:

P 9 q—L
ds?y = \/5[1_ r } 12 O'_%d$%1+ 1 [1_ r ] 7 s

2
i 2 o2 2 do” +

. (B.56)

4 2\ !
402 [@ (1 — %) dr® + 2403 + (EY)? + (E2)2}

In order to reabsorb some of the constants of integration, let us redefine further the coordi-
nates r and ¢ as r — ar and o — 223 b4/3 33 5 and let us introduce a new constant N,
defined as N = m?b®. Then, the metric, dilaton and the functions g; and go parametrizing
the RR three-form are:

dsty = % [1-r] 2o idad, + [1 -] 2ok [do—Q 4

+02<9(14d7_702702) + 2d02 + (EY)? + (E2)2>] ,

e ® = N[l — 7"2]1% a%

)

1 N
g1 = 92—3

2
Notice that the coordinate r lies in the range 0 < r < 1. Actually, it can be regarded as an
angular coordinate. To make this fact more explicit we could change to a new coordinate

Njw

ro

(B.57)

« such that, for example, sin & = r. This metric is singular. Its scalar curvature is:
R=_———F—, (B.58)
which diverges at ¢ =0 and r = 1.

C Equations of motion

In this appendix we verify that the any solution of the first-order BPS equations (2.53)
and (3.45) also satisfies the equations of motion for the gravity plus smeared branes systems
with four and two supersymmetries. In order to carry out this calculation it is more
convenient to work in the Einstein frame. Recall that the metric in Einstein and string
frame are related as:

GRinstein _ o —3 Gstring (C.1)
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From now on we will suppress the extra label in G and we will assume that all metric
elements are written in the Einstein frame. The total action of the system is of the form:

S = SIIB + Sﬂavor ) (02)
where Stip is the action of type IIB supergravity for the metric, dilaton and RR three-form,
namely:

1 1
Sup = dzV-G (R — -0y @M d — —®F} ). (C.3)
26, 2 12

In (C.2) Sfavor is the smeared version of the DBI+WZ action for the flavor branes which,
in Einstein frame, is given by:

Saver = —T5/ T ONK + T5/ QACs, (C.4)
Mo Mo

where K is the calibration form and  the smearing form. To write the DBI term in (C.4)
(the first term) we have assumed that there is no worldvolume gauge field and we have
taken into account that for a SUSY configuration the induced volume form is just the
pullback of the calibration form . After the smearing we can substitute this pullback
by the wedge product with the smearing form 2. Notice that, in the Einstein frame, the
calibration form IC is still given by eqgs. (2.15) and (3.20), with the e®’s being the forms of
the basis (2.8) and (3.11) multiplied by e 1.

Recall that the WZ term is the one responsible for the violation of the Bianchi identity
for F3, namely dF3 = 2&%0 T5 ). This equation is automatically incorporated in our
ansatz. Moreover, the Maxwell equation for F3, namely d(eq’ *F3) = 0 is also automatic
as a consequence of the first calibration condition in (2.18) which, in the Einstein frame,
reads —e®* [y = d(e% IC) (actually, e K can be taken as the six-form potential Cg).

The equation of motion of the dilaton derived from (C.2) is:

1 1
d("d®) = 5P By ATy + S et KAdE . (C.5)

Notice that we have written the equation of ® in terms of differential forms. One can show
that (C.5) is satisfied as a consequence of the BPS equations (2.53) or (3.45). In fact, in
order to evaluate the left-hand side of (C.5) one has to compute the derivatives of the BPS
equations (2.53) and (3.45). In this process one generates some terms in which the Heaviside
function ©(p — pg) is differentiated and, therefore, the Dirac delta function 6(p — pg) is
produced. These terms match precisely the one containing dF3 in (C.5), while the remaining
ones correspond to the F32 term. It also worth pointing out that, in the N = (1,1) case,
the consistency equation (3.47) must also be used to verify the fulfillment of (C.5).
The Einstein equations, in Einstein frame, are:

1
Ryy — 5Gun R = <aM<1>aN<1> —Gﬂa <1>an>>
@ G
+%<3F$}DQF](\/3)PQ A;NF ) + Tun (C.6)
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where Ty is the energy-momentum tensor of the smeared flavor branes, defined as:

2/1%0 (55])]31
Tun = /=G SGMN

(C.7)

It is interesting to write the different components Ty, of 7" in flat components with respect
to our frame basis {e*}. This can be done by using the Palatini formalism and computing
directly the derivatives of Sppy with respect to the vielbeins. In order to rewrite Ty, in
a suggestive form, let us introduce the following (standard) definition. Let AP be an

arbitrary p-form which, in the basis of the frame one-forms e®, can be written as
@ _ L0 w @
AV = HAGI"'ape A---e® (C.8)

Then, we define tca [AP)] as the following (p — 1)-form

1
(p—1)!

It can then be verified that Ty, can be written as:

lea [A(p)] = A((IIZL)T..% e N, (C.9)

T Vol(Myg) = —r T €T QA ET A Lea (K] Db - (C.10)

Taking into account that the calibration form K is diagonal in our frame basis (see (2.15)
and (3.20)), this equation can be recast in a simpler form as follows. Let us denote by /C,
the part of KC that contains e® in its expression. Then, one can verify that the Ty, written
in (C.10) can be compactly expressed as:

T Vol(Mig) = —k2, Ts €2 QA Ko b - (C.11)

Let us now particularize the general expression (C.11) to our two cases. For the system
with four supersymmetries, after using (2.15) and (2.50), one gets:

/ 4, 32
gsa Nr m*e2
T$u$u = _sTf pz 5([)_[)@)77“”7
/ 4 32
gsa' Ny m*e2
22 33 44 55 1 0z (P PQ)7
/ 4 32
gs@' Nr m*e2
Tee = T7r = — 82 ! e 5(p—rq)
T88:T99:0. (C12)

Similarly, for the system with two supersymmetries one gets:

4 32
m-e 2 . 7 .
—Too =111 = P T 5(p—pQ)(40‘(L1 —|—L2) +202L2 +Z3€2¢L1),
23
o L
me:z= 27 T 207
T22 = T33 = T44 :T55 = F(S([)—p@)(?O’(Ll +L2) +o L2 + z3e Ll),
g°z3
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3P
o2mie

Tos = ——0(p — p@) (L1 + L2),
gz3
m4e% .
T = Tgg = —0(p — pg) (L1 + L2 + o Ls),
023
Tyy = 0, (C.13)

where (3.20) and (3.42) have been used. It is now straightforward, although tedious, to
verify that the Einstein equations (C.6) are satisfied as a consequence of the BPS equa-
tions (2.53) and (3.45). As before, the consistency condition (3.47) is also needed to
satisfy (C.6) in the N' = (1,1) case.
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